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THE SECOND EDITION. 



The present edition of this work is of necessity little 
more than a reprint of its predecessor, Mistakes 
have been corrected and omissions supplied, but the 
nature of the subject does not admit of any very 
important changes either in substance or arrange- 
ment 

There have been many criticisms upon the First 
Edition, and these for the most part most favourable 
and encour^ing. Among the rest, special acknow- 
ledgments are due to the writer of the notice in the 
Philosopkical Magasinc for October of last year, for 
pointing out a grave blunder in the section on the 
length of curved lines, whereby a proposition has 
been described as a definition. In drawing attention 
to this mistake, the writer of the notice adds some 
observations upon the general subject, which appear 
to call for a little detailed consideration here. He 
appears to make li^^ht of the difftcuky \-cwci\Mti \& '^^ 
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accurate definition of the length of a curved line, 
and suggests the introduction of the conception of a 
flexible hue pulled straight. Practically we are, with- 
out doubt, familiar enough with the conception of 
the length of a curved line, but familiarity with a 
conception does not diminish the difficulty of accurate 
definition ; on the contrary, it frequently enhances 
that difficulty. In the case before us, suppose 
the reviewer's suggestion adopted, and the length 
of a curved line defined as being that of the straight 
line with which it coincides when pulled out. In the 
process of pulling out the identity of form is de- 
stroyed, and nothing but identity of length remains, 
that is to say we must provide that in the process of 
rectification the length of tlie ciime is to remain un- 
altered, and thus the thing to be defined (viz. the 
length of the curve) is introduced into the definition 
of itself The suggested definition does, in fact, 
tacitly assume the conception of a curve as composed 
of infinitesimal rectilinear elements, and conceives 
that the rectification takes place by turning each 
element in succession round one extremity until it 
comes into the same straight line with the last 
preceding element. If such a conception of a curve 
be admitted, any definition of its length is, of course, 
superfluous, being included in the introductory de- 
finitions of the addition of straight lines, but such a 
conception cannot well find place in an elementary 
worJe Jlke the present. 
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Another and less friendly criticism, the only one in 
fact which has appeared of a markedly unfavourable 
character, pronounces the d^'monst rat ions to be cum- 
bersome and tedious, and especially adduces Props. 
I'l and 17 of Bk. I. in illustration of this assertion. 

The general criticism does not, of course, admit of 
refutation ; it must be left to the Judgment of the 
public But concerning Prop. 11, Bk. I., it may be 
well to state, what should indeed have been mentioned 
in the Preface to the First Edition, that the present , 
longer demonstration was intentionally preferred to 
the shorter one based on the principle of continuit}', 
and that because this principle, though most ob- 
vious and natural to advanced geometricians, is by 
no means so to. boys and learners generally. It was 
thought therefore desirable to make tlie demonstra- 
tions in Bk. I. depend as much as possible upon the 
principle of superposition alone, and not to introduce 
the idea of continuity and continuous motion until 
later on in the Second Book. 

Berkswell Rectoev ; 
Cklt^ 1872. 
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THE FIRST EDITION. 



The study of Elementary Geometry (at least in Eng- 
land) has been for a long time identified with one 
particular treatise, accepted as a standard. At the 
present moment there is a wide-spread dissatisfaction 
with that treatise ; but there is very little agreement as 
to the manner in which it may be best improved. The 
most suitable Preface, therefore, to a new work on 
Geometry would appear to consist in an enumeration 
of the main features of its ^reeinent or disagreement 
with Euclid, and an attempt as far as possible to 
justify such agreement or disagreement in each par- 
ticular instance. 

I. The Work agrees with Euclid in retaining the 
syllc^istic form throughout. Many objections, strong 
and ably urged, have been alleged against this method 
of treatment by modem writers. It is said that the 
study of Geometry for its own sake is thereby made 
subordinate to its study as a logical discipline ; and 
that the detailed syllcgistic form into which all the 
demonstrations are thrown is a source of obscurity 
to b^inners, and damaging to true geometrical free- 
dom and power. 
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Now, whatever truth there may be in these charges 
as applied to Euclid's treatise, they do not appear to 
be applicable to the syllogistic form of statement in 
itself. No doubt there is very much unnecessary pro- 
lixity in some of Euclid's demonstrations. He has 
in many cases perversely refused to draw the most 
general inference possible from his premises, even 
where by doing so he would not have lengthened or 
embarrassed his reasoning, and the result has been 
much useless repetition, and vain expenditure of 
words. As one illustration out of very many which 
might be adduced of the truth of this assertion the 
26th Proposition of Book I. may be instanced. The 
demonstration of this proposition would have been in 
no degree lengthened if Euclid had extended it to 
the equality of the triangles in all respects. As it is, 
he has restricted himself to the sides and angles, and 
accordingly, when in Proposition 34 he has proved 
the equality of the opposite sides and angles of a 
parallelogram by means of this Proposition 26, he is 
obliged to recur to Proposition 4, with its long and 
cumbrous enunciation, to arrive at the equality of the 
areas of the two triangles into which the diameter 
divides the parallelogram. 

Nothing can be said for a waste of time and words 
like this, but it would be unfair to charge the syllo- 
gistic method generally with such an obvious defect in 
its application. The truth seems to be that the 
syUogistic method, if properly applied, may be made 
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as concise and intelligible as any other, and it has one 
important claim to be retained iu an elementary 
geometrical treatise, inasmuch as there is absolutely no 
place for strict logical treatment in any other part of 
our modem mathematical course. Analysis, even ii 
its simplest form soon, and of necessity, degenerates 
into a manipulation of symbols. The elements of 
Algebra must be acquired as a mechanical exercise, 
as an art rather than a science. The very rudiments 
of algebraical analysis invoK'e difficulties far beyond 
a schoolboy's intellect, and necessitate as much 
profound thought as the highest mathematics. In 
Geometry, on the other hand, the conceptions involved 
are plain and easy, ' every step is planted on firm 
ground,' and the vigorous logical treatment of which 
these conceptions are susceptible not only supplies 
a mental discipline of inestimable educational value, 
but furnishes a test whereby to try the conclusions 
arrived at by the more rapid processes of analytical 
reasoning. 

II. While, however, the syllogistic form has been 
retained in this treatise for the reasons which have 
been mentioned, innovations have been introduced 
in the following important respects : 

I. An extended application of the principle of 
superposition. 

The application of this principle is the great 
stumbling-block to the young geometrician, and 
yet it is absolutely indispensable, and WtdV^ a 's^s:^ 
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can be made without it. Euclid has recognised its 
importance, and introduced it early enough in his 
course ; but he uses it grudgingly and timidly, and 
he imparts this feeling of timidity to the learner. 
Thus, in Proposition 4 of Book I. there is no sug- 
gestion of the possibility of the two triangles being 
so situated as to make it necessary for the plane of 
one of them to be reversed before superposition can 
take place ; the proof adopted obviously supposes 
a simple transference of position, the same face re- 
maining uppermost throughout. It is true that the 
language employed is sufficiently general to include 
every case, but it is equally true that the ideas sug- 
gested to the reader are limited in the manner that 
has been mentioned. Now in Proposition 5, which 
is the very first instance of the application of Propo- 
sition 4, the triangles are so situated as to require 
this reversal of the plane of one of them before they 
can be superposed, and the whole of the long and 
tedious reasoning of this proposition might have been 
avoided if that had been done at first explicitly and 
avowedly which is afterwards done substantially, 
though in a sense surreptitiously. To avoid the 
superposition of a triangle upon itself with plane 
reversed, Euclid has recourse to the artificial and 
almost disingenuous device of turning one triangle 
into two by producing the sides, and then applying 
Proposition 4 to these two triangles, ignoring the 
J^ct that the results of Proposition 4 are really 
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being applied to a case for which the proposition 
has never been explicitly proved. Since the appli- 
cation of the test of superposition is so very indis- 
pensable, it would seem desirable to give as much 
prominence to it as possible early in the course ; thus, 
by frequent use, rendering it familiar to the learner, 
and thereby divesting it of its terrors. This me- 
thod has accordingly been adopted in the following 
treatise. 

2. The introduction of hypothetical constructions. 

Euclid's Geometry comprises tivo classes of propo- 
sitions, entirely different in their aim and nature, but 
mixed up together witliout any indication of this 
difference. The propositions in the one class are 
theoretical and general, while those in the other are 
practical and special. The former treat of the science 
of Geometry, the latter of the application of that science 
to the art of geometrical draiaing. There is no doubt 
that great light may be thrown upon, and additional 
interest imparted to, the theorems by the problems ; 
but this advantage is counterbalanced by the dis- 
advantage attending Euclid's treatment. The strictly 
logical form adopted by him induces, and was in- 
tended to induce, the belief that each individual 
proposition is essential to all that follow. Hence, an 
inevitable confusion arises in the mind of the reader 
between that which is possible theoretically and con- 
ceivably, and that which is possible in relation to the 
instruments to which Euclid chooses Ui tt^'wX^i'^. Vvto.- 
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self, i. e. the compasses and ruler. Many advanced 
mathematicians even would be puzzled to give an 
explanation offhand of the impossibility of the time- 
honoured problems of squaring a circle, bisecting a 
cube, and trisecting an angle. Nor is this confusion 
of ideas the only evil result arising from the exclu; 
of hypothetical constructions, for the treatise is thereby 
rendered inconsistent witli itself, and properties of 
the circle are assumed in Book I. which are demon- 
strated at full length in Book IIL (compare, for 
example, Book I. Proposition 12 with Book III, 
Proposition 2) ; and in Book XI. recourse is neces- 
sarily had to hypothetical constructions, where lines 
are supposed to be drawn in space, concerning which 
all that is known is the possibility of the existence of 
such lines. 

3. The arithmetical treatment of ratio and pro- 
portion. 

The unanswerable objection to Euclid's treatment 
of ratio and proportion is that it is practically disre- 
garded. ' The reasoning is exquisite and profound, it is 
too exquisite,' it is artificial and remote from our prac- 
tical common-sense notions on the subject No teacher 
dreams of taking his pupils through Euclid's fifth 
book ; and thus the opportunity for acquiring much 
valuable instruction is for ever lost to the student. It is 
at this point that the conception of number is properly 
brought into contact with the conception of continuous 
msgaituAe, and no arithmetical treatise on fractions 
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can adequately supply the omission. In the following 
treatise the properties of ratio and proportion are, in 
the first place, explained and proved in a few simple 
propositions with reference to commensurable mag- 
nitudes, and they are afterwards extended by the 
simple application of the method of limits to incom- 
mensurable magnitudes, 

4. The admission of axioms even where derivable 
from other axioms already stated (as Axiom 2, upon 
straight lines). 

It does not seem to be of any great importance 
what tnitlis are assumed as axiomatic (i.e. whether 
demonstrable or not), provided they really have t]iat 
character and require no demonstration to make them 
clear to the mind of the learner; but it is impor- 
tant that they should not be too numerous, and also 
that they should be distinctly enunciated as axioms and 
not tacitly assumed from time to time as intuitions. 
Many Continental and some English writers appear 
to be somewhat lax in this respect. They attach so 
much importance to the rapid acquisition of mere 
geometrical knowledge that they lose sight of the 
equal if not greater importance of obtaining a mastery 
of the processes by which such knowledge may be 
attained. Without doubt the clearness of intuition 
acquired by a practised geometrician will frequently 
make him impatient of the successive steps of de- 
tailed reasoning, and he will be eager to conduct his 
■ pi^l to the desired end by a &\ioi\£t axi^ 3.:cv (^\&'(^ 
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road. The learner, too, yields a ready acquiescence 
in the conclusion arrived at ; but it is a great i 
fortune for him if he is deprived of that useful disci- 
pline in geometrical reasoning which, however tedious 
and clumsy it may seem to be in Its application to 
short and easy propositions, is indispensable to the 
investigation of those which are more intricate and 
difficult. As a matter of fact two demonstrable truths, 
and two only (Axioms 2 and 3), have been enunciated' 
as axioms in this Treatise, and of these Axiom ; 
(of the equality of all right angles) has been also 
. assumed by Euclid, though admitting of proof by^ 
the principle of superposition. 

5, The introduction of such terms and conceptions 
as a limit ; a tnoving point, line, and plane; locus i 
projection; intersection of loci ; and so forth. 

These terms and conceptions are of such frequent 
occurrence in modem mathematics that their introduc- 
tion needs no apology ; they are perfectly definite and. 
simple, and there is, in fact, hardly any elementary 
treatise, either in England or on the Continent, la 
which they do not appear. 

in. It remains to notice a few less essential mat- 
ters bearing chiefly on form and arrangement. 

I. All the propositions concerning areas hav( 
been grouped together in a boob by themselves 
(Book IV.), 

Most teachers must have perceived an inexplicable 
dlSiculty in the minds of learners when dealing wi^ 
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the intrinsically easy propositions of Euclid's Book II. 
and those propositions of Book i. in which areas arc 
mentioned. By the method adopted in the following 
treatise it ia hoped that these propositions may mu- 
tually illustrate and explain each other, and that their 
scope and object may be more clearly perceived by 
the student. 

Many abbreviations and symbols have been 
adopted, but great care has been taken to secure their 
being regarded as abbreviations for words and phrases, 
and not as representing operations. 

It is impossible to be too particular in this matter, 
en at the risk of appearing pedantic. The processes 
of Algebra depend upon the laws of operation and 
those laws only, the operations themselves being as 
frequently as not uninterpreted. In Geometry, on 
the other hand, every statement has a definite and 
ascertained meaning. The operations of Algebra soon 
become so easy and natural that when symbols are 
used it is almost impossible to avoid working by 
mechanical processes only in cases where geometrical 
reasoning, dealing with defined operations, would re- 
quire distinct proof. (See the Note to Proposition 6, 
Book V. p. 153) 

From the same anxiety to keep a definite object of 
thought, rather than a mere symbol, present to the 
mind of the student, care has been taken to avoid 
as much as possible the use of symbols to represent 
■bstract magnitudes. Therefore in \.\ie ■piCQ'^o'a.'dao.'i 
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of ratio and prf)portion, whore magnitudes are dealt 
with in the alistract. the demonstrations arc given for 
certain magnitudes as lines, areas, and so forth, and 
the same demonstrations are then shown to be 
applicable to all kinds of magnitudes whatever, 

3. Aa it is desirable that an elementary treatise 
fthould be as independent as possible of external aid, 
an attempt has been made to assist the self-taught 
Htudent by means of notes ; tliese notes are inserted 
from time to time in the course of the work, because 
tlicy are intended to be read ; and not grouped to- 
gether at the end, in which case they would certainly 
be neglected, They generally contain an informal 
introduction of some new conception which is stated 
formally in a definition cither preceding or following. 

4. Axiom 3 concerning straight lines is usually 
stated thus : 

A straight line is the shortest distaiux bctiSjccn any 
two points in it. 

The statement in the text has been adopted be- 
cause the length of any other than a straight line 
requires to be defined before it can be referred to 
a definition or axiom. 

The definition of the length of a broken line is easy 
and simple, and it is given at the commencement of 
the work, but the definition of the length of a curved 
line has been postponed to the end of Book II, 
because it involves conceptions likely to be perplexing 
to a beginner. 
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5. This treatise lays claim to very little originality. 
Many of the demonstrations have been adapted from 
existing works on geometry, especially the treatise 
by Messrs. Rouch6 and Comberousse. 

Also many very valuable suggestions and amend- 
ments are due to friends of the author, and especially 
to D. D. Heath, Esq., formerly Fellow of Trinity 
College, Cambridge ; and to Professor Goodeve, and 
R. B. Haywood, Esq., formerly Fellows of SL John's 
College, Cambridge. 

Berkswell Rectory: 
Jutie 187 1. 
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GEOMETRY. 



INTRODUCTION. 
, Section I. — Preliminary Definitions and Axioms." 
All bodies, that is to say, all material objects, exist in 
space and possess length, breadth, thickness, form, and 
positioiL 

The science of Geometry deals with the properties of 
bodies in connection with the space occupied by them, that 
s to say, their form, magnitude, or position, and does not 
deal with any other quaUties tliey may possess, such as 
lolora', texture, hardness, weight, and so forth. 

Def. 1. — A solid, or solid space, is the portion of space 
which is or may be occupied by any body. A solid has 
iength, breadth, thickness, form, xaA position. 

Def. 2. — A surface is the boundary of a solid. A surface 
has length, breadth, form, a.T\d position, but no fhiekncss. 

Def. 3. — A line is the boundary of a surface. A line has 
length, form, sad position, but neither breadth nor thickness. 

Def. 4. — A point is the boundary or extremity of a line. 
A point has position, but neither length, breadth, thickness, 
not form. 

A point is usually denoted by a single letter, and a 
line by two or more letters, of which the first and last denote 
the extreraities of the line. 

Thus, A, C, and B in the-- 
annesed figure denote points, 
and a line having the points A 
and B for its extremities and 

I point C situated upon it, 
is denoted by AB or ACB. 
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Dtf. S- — A straight fine is a line of such a form that if any- 
one portion of it be applied to any other portion so that the 
extremities of the one portion coincide witli those of the 
Other, then every intermediate point of the one portion miist 
coincide with some intermediate point of the other. 

Def. 6. — Two straight lines are said to be e^ual, or oiequal 
length, when the extremities of the one line can be made 
to coincide respectively with the extremities of the other. 

Def. ■}. — Straight lines are flfii/cr^ together by placing them 
one after another in succession in the same straight line so 
that one extremity of each newly added line coincides with 
one extremity of the last added line.* 

Thus AB, BC, and CD are 

I I , , added together and form the 

* '• *^ ^ straight line AD. 

AB, BC, and CD are called 
the J>aris of AD, and AD is called the sum of AB, BC, 
and CD. 

D^. 8. — A broken line is formed of two or more straight 
Imes united at their extremities but not in the same straight 
line. 

Thus AB, BC, and CD form the 
broken line ABCD. 

The extremities of any straight 
line or any broken line are said to 
be>;nf^by the straight line or broken line, and the length 
of the broken line is the length of the sum of its component 
straight lines. 

All other lines besides straight lines and broken lines are 
either iiwnrif lines or mixed\mes. 

Def. 9-— A /i/dw surface is one in which any two points 
being taken the straight line which joins them lies wholly in 
that surface. 

• For perfect accuracj' the definition should conclude with some such 
sentence ns the following, ' pnn-idert ihnt no portion of any newly added 
Jiae cotacides with any portion of the last ftdded line.' 
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Def. 10. — If tivo straight lines in one plane have a com- 
mon ejctremity, and cither one of them be turned round this 
common extremity until it coincides with the otlier, the re- 
volving line being always in the same plane, the smallest 
amouni of turning required to effect this coincidence is caJled 
the at^h between the tivo straight Una. 

Thus the smallest amount of turn- y^^ 

ing about A required to bring either of y^ 

the straight lines AB or AC into co- /^ 

incidence with the other, the revolv- a -, 

ing line being always in the same 

plane, is called the angle between the lines AB and AC. 

The angle in the last figure is sometimes denoted by 
the single letter A and sometimes, for greater distinctness, by 
the three letters BAG or CAB (A being always in the middle). 
The point A is called the vertex, and the straight lines AB 
and AC are called the arms of the angle, and these lines are 
said to contain, or inditde, o\ form the angle BAC. 

I>rf. II. — Angles are said to be equal when they can be 
placed one upon the other in such a way that the vertex and 
arms of the one can be made to coincide with the vertex 
and anns of the other, 

Def. 12. — Angles are said to be (7(^'atw// when they have 
a common vertex and one common arm, their non-coincident 
arms lying on opposite sides of the common arm. 

Thus the angles BAD and CAD 
are adjacent angles, of which AD is 
the common aitn. 

D^. 13. — Angles are added to- 
^her by placing them so as to be 

I adjacent to each other; thus the 
angle BAC in the figure is called the sum of the tivo angles 
BAD and CAD. 
Def. 14. — When two adjacent angles are equal to each 
other the common arm is said to bisect the angle between 
tfie two non-coincident a 
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Dcf. ij. — \VheTi two adjacent angles are equal to each 
other and the two non-coincident arms are in the same 
straight hne, each of the equal adjacent angles is called a. 
right angle, and the common arm is said to h^ perpmdicular 
or at right angles to the straight line in which the nou-coin- 
cident arms he. 

|0 ThusifAOBbeaslraight 

line and OC a line such that 
AOC is equal to BOC, then 

! ■ each of the angles AOC and 

"^ '^ " BOC is caOed a right angle, 

and OC is said to be perpendicular or at right angles lo AB. 
Def. r6, — A triangle is a closed figure contained by three 
finite straight Hnes, which are called its sides. 

Dcf. 17. — A triangle is called isosceles when two of its 
sides are equal, equilateral when all three sides are equal, 
and equiangular when all three angles are equaL 

Def. 18. — When one of the angles of a triangle is a right 
angle, the triangle is said to be right angled, and in this case 
the side opposite to the right angle is called the hypothenuse. 
Def. ig. — A triangle is sometimes regarded as standing 
upon one of its sides, which is then called its iase ; and the 
angle opposite to that side is then called the ijertex. 

VVhen a truth is so obvious as to be manifest without 
demonstratifjn it is called an axiom. The following state- 
ments are axioms. 

Axiom I." — Two straight lines cannot intersect in more 
than one point 



• This axiom may be otherwise stated as fonows :- 
If two 3tra%ht lines have more than one point in cc 
le and the same straigbt line. 
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1 figure I, the lines ACB and ADB cannot both 
of them be straight lines. 

And in figure 2, the lines ABC and ABD cannot both 
of them be straight lines. 

Axiom 2. — The length of the straight line joining any 
two points is less than the length of any broken hne what- 
ever joining the same two points. 

Axiom 3. — All right angles are equal to one another. 

A theorem is a geometrical truth capable of demonstration 
by reasoning from certain known truths. 

A corollary to a theorem is a geometrical truth easily 
dedudble from that theorem. 

The sign = represents equality and is an abbreviation 
for the words is eqttal to, or are equal to, according as one or 
more things are referred to. 

The sign + expresses addition and ~ subtraction. 

Thus A + B is to be read as A together with B, or the sunt 
of A and B, and A-'B is to be read as the diff&am of A 
and B, or the remainder after subtracting the less of the 
two magnitudes A and B from the greater. The phrase A 
and B together is sometimes used for the sum of A and B. 

We sometimes establish the proof of a theorem by assum- 
ing that it is not true, and proving that such assumption 
leads to an inconsistency or an impossibility, as for instance 
that one magnitude is both greater than and equal to another 
magnitude, and so on. 

A proof of this kind is called an ittdireci ■proof, ox 3i reductio 
ad adsurdum. See for example Bk. I, Prop. 4. 

The assumption, whether true or false, upon which any 
argument is based is called the hypothesis. 

Section II. — Notes to the Preceding Definitions 
AND Axioms. 

t. The conceptions of a surface line and point may be 
aawsted by the following illustrations : 
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Suppose a portion of space to be completely filled by two 
bodies, as a block of wood and a block of stone, of any 
shapes respectively, provided they exactly fit into each other, 
so that widiin the space in question there is no portion which 
is not completely filled up, then it is clear that there is a 
region within this space which belongs as much to the wood 
as to the stone. 

Such a region is called a surface or superficial space. 

This surface can have no thickness, for if it had a thick- 
ness ever so small points might be found in it belonging 
enthely to the wood or to the stone, and such points could 
not, therefore, be situated on the surface. 

Again, the block of wood might be situated alone in 
space, and then there would be a region belonging as much 
to the wood as to the smrounding space, and this region 
would be the bounding surface of the block of wood, ( 
speak more correctly, of the portion of solid space occupied 
by the block of wood. 

Again, we might suppose two surfaces in juxtaposition, 
the one coloured red and the other green, and it is clear 
that there would, in this case, be a region belonging as much 
to the red as to the green surface : such a region is called 
ahne. 

A line can have no thickness because it is a portion of a 
surface, and it may be made evident that a line can have no 
breadth, by reasoning similar to that employed to show that 
a surface can have no thickness. 

If two lines intersect, any position in space common to 
both of them is called a point. 

A point can have neither breadth nor thickness, inas- 
much as it is situated on a hne, and it may be shown to 
have no lengdi, by reasoning similar to that emploj-ed to 
show that a surface has no thickness or a line no breadth, 

s. All material objects must have length, breadth, and 

thickness, and therefore no body can be found which t 

pies sQcb a region of space as a, suiface or a line ; never- 
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theless we can conceive such objects as existing, and we call 
them material surfaces, or lines. 

A sheet of paper has length and breadth, each so much 
greater tlian its thickness that we come almost miconsciously 
to regard it as having length and breadth only, that is, as a 
material surface ; if, however, it were viewed through a 
microscope the thickness would become apparent. 

Gold may be hammered out into leaves of such exquisite 
tenuity that many thousands, laid one ufJon the other, 
would not, in the aggr^ate, have the thickness of an inch : 
each of these leaves suggests the idea of a material surface 
more forcibly than a sheet of paper does. 

So a piece of fine string suggests the idea of a material 
line, a piece of thread does this yet more forcibly, and a 
spider's web more forcibly than either. 

3. We may form the idea of a material straight line from 
a piece of thread or fine wire tightly stretched, and the 
ponion of space occupied by such a body suggests the idea 
of a -Straight line. 

It is important to observe the force of the word mitst in 
the definition of a straight line, for there is a certain curved 
line called a circle, of which it would be equally tme that if 
one portion were appUed to any other portion, so that the 
extremities of the one portion coincided with the extremities 
of the other portion, then every intermediate point of the 
one ponion might coincide with an intenuediate point of thf 
other. 





lima, the poriioo AJJ of the circle \Bt^ voa.'j \Wi a.^-sjiis^ 



8 Geometry. 

to the portion CD so that the extremities and every intov 
mediate point of AB coincide with the extremities and 
every intermediate point of CD, 

But AB may also be apphed to CD in such a way that 
A and B coinciding with C and D, the intermediate points 
of AB, do not coincide with the intermediate points of CD, 
as in the second of the two figures drawn above. 

4. An idea of an angle may be gaitied by observing the 
hands of a watch, each hand being supposed to be in- 
definitely thin, or to be a material line. If these hands 
occupied certain given positions, and one of them were 
turned by means of the key until it came into the position 
immediately overlying the other, the smallest amount of 
turning required to effect this coincidence would be the 
angle between the two hands. 

Suppose the long hand pointed to XII ?nd the short 
hand to II, then we see that the amount of turning required 
to bring one hand into the position overlying the other is the 
same as it would be if the long hand were at XII and the 
short hand at X, and we should say that the angle between 
the hands in the first case was equal to the angle in the 
second case. 

Again, if the long hand were at XII and the short hand 
at IV, we see that the amount of turning requisite in this 
case would be twice as great as that required in either of 
the last two cases, and therefore we should say that the angle 
between the hands in this case was twice as great as that in 
either of the former cases. 

It is evident that the length of the hands has nothing to 
do with the magnitude of the angle between them. 

5. The size and shape of a body may remain the same, 
when the body is transferred from one position to another in 
space. 

By this means we irequently compare one portion of 
space with another. 

^or example, suppose that a nuUerml surf ace in the shape, 



of a triangle first occupied the space ABC, and was then 

moved and made to oc- ^ 

cupy the space DEF, its 

shape remaining unalleied, 

it would follow that the 

portion of superficial space 

ABC was, as to shape and 

size, exacdy identical with 

the portion DEF. 

In such a case as this we often speak of transferring the 
triajigle ABC to the triangle DEF ; such language is really 
incorrect, inasmuch as a triangle, a line, &c, indicate fixed 
portions of space. 

What is really transferred is the material surface which at 
one time exacdy occupied the portion of superficial space 
indicated by the triangle ABC, and was afterwards made to 
occupy the space DEF. 

This method has been employed to compare the magni- 
tudes of lines and angles in Defs. 6 and 1 1 supra. 

6. When we know that a certain line, or point, or surface 
iniisC exist, we shall assume that we have found this line, or 
point, or surface, and reason upon such assumption accord- 
ingly. 

Thus if A and B be any 

two points, we shall as- , , , 

sume that a line may be "^ ^ " 

drawn, having A and B 

for its extremities, and drawing such a line is called _;Wfli«g 

AB, 

So, again, if AB be a finite straight line, we shall assume 
that straight lines, as BC or AE, may be drawn of any 
length, and making one straight line with AB. 

The drawing such hnes is called 'producing AB towards 
B or towards A respectively.' 

Again, we assume that a point D may be found which 
I is the middle point of the straight Uoe AB, a&.^ "Oev^ ^a>i!a'a%. 
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such a iM>int we call ' bisecting AB in D.' And so on lit 
many simiJar cases. 

7. Besides the axioms ah'eady explicitly referred to, there 
are many other geometrical truths assumed by 
obvious to require express mention. E. g, : 

^ If the indefinite straight 

line BD were drawn be- 
tween the sides AB and 
BC of the triangle ABC, 
in the annexed figure, ' 
should take it for granted 
that the straight line BD must meet the side AC in some 
point. 

And if C and D were two points situated on opposite 

sides of the straight line AB of 

/'' indefinite length, we should 

-^ take it for granted that the 

p/ Straight line CD must meet the 

line AB. 

Again, we assume it to be self-evident that if a point A 

(, within a closed figure DCE be joined to 

^.-^""^v^-B a point B without that figure, then the 

'v„^^^^^2^ joining line roust meet the boundary of 

B the figure in some point; and similarly in. 

many other cases. 

If we anticipate the definitions of the length of a curved line on^ 
of the equality ol curved lines wliich are given heiealiier in the cou: 
of Book II., and which have been postponed witli the view of si 
plifying the commenceineiit of the subject as much as passible, we m 
enuBciate ibe second axiom of tbe text in Die following more genera!) 
language, namely 1 

Ttie straight line joining any two points is the shortest distonts 
between these points. 

We may also prove that this is not really an independent statcmenii 
but that it follow!; from the first axiom and the assumption that o 
only one line alwaj^ exists which a shorter than any other line bi 
two gi yen jioints. 
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The proof will stand thus : 

Let A and B be any two points, and AB the straight line which joins 
them, then AB shall be the shortest distance 
between the points A and B. 

Since there must be some line which is the a^ ^B 

shortest distance between A and B, if this 
line be not AB let it, if pK)ssible, be ACB. 

Let the line ACB be turned about AB until it- coincides with some 
other line as ADB. 

Because ACB may be made to coincide with ADB, the length of 
ACB must be equal to the length of ADB. 

Because ACB is the shortest distance between the points A and ^ 
the length of ACB is less than that of ADB. 

Therefore the length of ACB is both equal to and less than that of 
ADB, which is impossible. 

Therefore ACB is not the shortest line between A and B, and in the 
same way it may be proved that no line except AB can be the shortest 
line between A and B. Therefore AB is the shortest li"e between A 
and B. 




and greiier 



Geometry. 



Section I. — On Triangles. 



PROPOSITION I. 

Any one side of a triangle is less than the 
than the difference of the two remaining sides. 

Let ABC be a triangle, then any one of its sides as BC 

shall be less than the sum, aod greater 

than the difference, of the two rem^- 

i.^^ ing sides AB and AC. 

/ ^\_^^ Because the two points B and C are 

,,/ ^^^ joined by the straight line BC and the 

■* '^ broken line BAG, 

therefore the length of BC is less than that of BAG 
{Ax. 2), 
that is, BC is less than BA+AG. 
Again, suppose that AB is not greater than AG, 
Then AB+BC is greater than AC by what has been 
already proved, 

take away AB from each, 
therefore BG is greater than AG-AB. 

PROPOSITION 2. 
If from the ends of a side of a triangle there be drman two 
straight lines to a point within the triangle, these two lines 
shall be together less than the two remaining sides of the 
triangle. 

From B and C the ends of the side BC of the triangle 
ABC, let tiie tsvo sDaigbt lines BD and CD be diawn 



Triangles. 13 

the point D ivithin the triangle, then the two lines BD and 
CD shall be together less than the two j-ig, 2, 

sides BA and AC. ,v 

Produce BD to meet the side AC ia ^'^ 

the point E. /"''S-^VT 

Because any side of a'triangle is less j^fj^-^""'^ ^\ 
thanthesumofthetworemainingsides, " '' 

therefore BE is less than BA+AE; 
add EC to each, 
therefore BE+EC is less than BA+AC. 
By similar reasoning it may be proved that 
BD + DC is less than BE+EC; 
therefore BD + DC is less than BA+AC. 

PROPOSITION 3. 

If vpon Ike same base and the same side of it Ihere be two 

iriangles having the vertex of each ■without the other, the sum 

of the two sides which intenect shall be greater than the sum 

of the two sides which do not intersect. 

Upon the same base BC, and upon the same side of it, let 
there be two triangles ABC and DBC, Fie. 1. 

having each of their vertices A and D 
outside of the other triangle, then the 
of the two intersecting sides AC and 
DB shall be greater than the sum of the 
■0 non -intersecting sides AB and DC. " ''" 

Let DB and AC intersect in the point E. 
Because two sides of a triangle are together greater than 
the third side, 

therefore AE+EB is greater than AB. 

Similarly CE+ED is greater than CD, 

therefore AE + EB+CE+ED is greater than AB+CD. 

But AE+CE is equal to AC, 

and EB + ED is equal to DB, 

dietefore AC + DB is greater ths^ AB-V-OC. 
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PROPOSITION 4. 
Upon the same base and on the same side of it there eanm^lL 
he two irian^es having the iivo sides terminated i\ 
tremity of the base equal to each ether, and at the same time | 
the two sides terminated in t/ie other extremity equal to each 
itker. 

Fig. 4- Fig- S- 



If possible, upon the same base BC, and on the same side 
of it, let there be two triangles ABC and DEC, having the 
two sides BA and BD, terminated in B, equal to each other, 
and at the same time the two sides CA and CD, tenninatcd 
in C, equal to each other. 

First, let the vertex A of one of the triangles fall within 
the other triangle, as in Fig. 4. 

Because BA and CA are drawn from B and C to the 
point A within the triangle DBG, 

therefore BA+CA is less than BD+CD (Prop. 2). 

But BA and CA are equal to BD and CD respectively, 

therefore BA + CA is equalta BD+CD, 

which is impossible. 

'Next, let the vertex of each triangle be witliout the other, 

as in Fig. 5. 

Because AB is equal to DB, and DC is equal to AC, 

therefore AB+DC is equalto DB+AC. 
ButDB + ACisffr^rt/wthan AB+DC (Prop. 3), 

which is impossible. 

Def. 20. — A triangle is said to have sixparis — three sides 

and three angles, and two triangles are said to be equal in all 

their parts when the three sides and the angles opposite to 

them of the one are equal, respectively, to the three sides 

id the angles opposite to them of the other, equal angles 

opposite to eqaril sides. 
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PROPOSITIOJT S- 
If two triangles have two sides of the one equal to hvo sides 
of the other, each to each, and the angle contained by the two 
sides of the one equal to the angle contained by the ttco sides of 
the other, tlie two triaf^es shall be equal to each other in all 
their parts. 

Fig. 6. Fig. 7- Fig- S. 



Let ABC and DEF be tn-o triangles, having the tiTO sides 
BA and AC equal to the two sides ED and DF each to 
each, and the angle BAC equal to the angle EDF, then 
shall BC be equal to EF, and the angles ABC and ACB to 
DEF and DFE, each to each, in the order mentioned. 

Let the triangle ABC be applied to, or placed upon, the 
triangle DEF, so that the point A may fall upon the point 
D,and the straight line AB upon the straight line DE, 

Then the point B shall fall upon the point E because AB 
is equal to DE. 

Two cases now occur for consideration. 

First, the triangle DEF may be situated as in Fig. 7. 

In this case when AB coincides with DE, as above men- 
tioned, AC and DF will lie on the same side of DE. 

Then because AB coincides n-ith DE, and the angle BAC 
is equal to the angle EDF, the side AC must coincide with 
the side DF. 

Because A coincides with D, and AC coincides with and 
is equal to DF, the point C must coincide with the point F. 

But the point B coincides with the point E, therefore the 
straight line BC coincides with and is equal to the straight 
line EF. {Ax. i and Def. 6.) 

And because AB coincides with DE iT^ABC ■KvfcYS 'fea 
VDgte ABC is equal to the angle DEF. {Def. w.'i 
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Similarly the angle ACB is equal to the angle DFE ; there- 
fore the triangles ABC and DEF are equal in all their parts. 

Next let the triangle DEF be situated as in Fig. 8. 

In this case when AB coincides with DE, AC and DF 
must lie on opposite sides of DE unless the plane of the 
triangle ABC be reversed so that the face of the plane below 
the paper be made to become the face aliove the paper.* 

When this has been done, AC and DF will he on the 
satne side of DE, and then it may be proved, exactly as in 
the first case, that the triangle ABC is equal to the triangle 
DEF in all its parts. 

Fig. 9. F{g. 10. Fig. 11. 




Corollary r. — If AB be equal to AC and therefore DE to 
DF, as in Figs, g, 10 and 11, then it may be proved, as in 
the proposition, that the triangle ABC may, without reversing 
its plane in either case, be applied to the triangle DEF, in 
the position of Fig. 10, so that the points A, B, and C 
coincide with D, E, and F respectively, or to the triangle 

* TTie statement in the text may be illusttBted as follows : 

Snppose the page upon which ^he Figs. 6, 7, and 8 are drawn to be 
coloured red, and the back of the page to be colourtd green. 

Let the triangle ABC be cut out of the sheet of paper. 

Then the triangle ABC so cut out may be applied to the triangle 
DEF, Fig. 7, in such a way as (o fit entirely into it, the red face being' 
uppermost. But the triangle ABC so cut out could not be turned 
about in any way so as to fit into the triangle DEF, Fig. 8, so long us 
the red fece of the piece of paper cut out was kept uppermost. 

If however the piece of paper cut out of the triangle ABC were 
reversed so that the green face was kept uppermost, then the piece of 
paper cut out might, by turning it about in a proper manner, be made 
10 £t exBCt/y into the spBix DEF (Fig. S]. 
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DEF, in the position of Fig. r 1, so that ilie points A, B, and 
C. coincide with D, F, and E respectively, therefore either 
t!ie angle ABC or the angle ACB may be made to coincide 
with the angle DEF, and therefore the angle ABC roust be 
equal to the angle ACB, therefore the angles al the base o/aii 
isosceles Mangle are equal to one another. 

Corollary 1. — If two triangles can be transferred so that 
their angles coincide each with each they arc etjual to one . 
another in all their parts, and if they be equal to one 
another in all their parts they may be so transferred. 

PROPOSITION 6. 

Iftivo triangles have two angles of the one equal resjieetkely 

to two angles of Ike other, and the side lying between the tit'o 

atigles of the one equal to the side lying between the two angles 

of the other, the two triangles shall be equal in all their farts. 

Fig. 12. FiE- 13. Fig, 14, 




Let ABC and DEF be two triangles, having the two 
angles ABC and ACH of the one, respectively, equal to the 
two angles DEF and DFE of the other, and the side BC 
equal to the side EF, then shall the two triangles be equal 
in all their parts. 

Let the triangle ABC be applied to the triangle DEF, so 
that the point B coincides with the point E, and the straight 
line BC with the straight line EF, then the point C shall 
coincide with the point F, because BC is equal to EF. 
Two cases now arise for consideration, 

First, the triangle DEF may be situated as in Fig. 13. 

In this case when the points B and C coincide «-ith E 
F lupectively, as above meationed, live Xrvwoi^es tiSK. 



i8 
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and DEF will lie on the same side of EF. Then, because 
BC coincides with EF, and the angle ABC is equal to the 
angle DEF, the side BA must coincide witli the side ED. 

Similarly the side CA must coincide with the side FD. 

Then, because the sides BA and CA coincide with the 
sides ED and FD, and because Rvo straight lines can only 
intersect in one point, therefore the point A must coincide 
with Che point D. 

Because A coincides with D, and B with E, therefore the 
side AB is equal to the side DE, and similarly the side AG 
is equal to the side DF, 

Because the straight lines AB and AC coincide with DE 
and DF respectively, therefore the angle EAC must be 
cfiual to the angle EDF. (Def. ii.) 

Therefore the triangles ABC and DEF are equal ii 

Next let the triangle DEF be situated as in Fig. 14. 

In this case when the points B and C have been made to, 
coincide with the points E and F respectively, the triangles 
ABC and DEF will lie on opposite sides of EF, unless thi 
plane of the triangle ABC be reversed so that the face of th« 
plane Mow the paper be made to become the face ahovfCai 
paper. When this has been done the triangles ABC ai 
DEF will be situated on the same side of EF, and then 
may be proved exactly, as in the first case, that the triangles 
ABC and DEF are equal in all their parts. 



Fig. 15. 



Fig. 16. 



Fig. 17. 




Corollary. — If the angle ABC be equal to the angle AC^ 
mid :heieSb£e. al&o P£F to DFE, then it as.y be jiiow 
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las in the proposition, that the triangle ABC (Figs. 15, 16. 17) 
I may without reversing its plane in either case, be applied to 
I die triangle DEF in such a way that the siiles AB and AC 
|i coincide respectively with either DE and DF, in the position 
I of Fig, 16, or with DF and DE, in the position of Fig. 17. 

Therefore AB and AC are each of them equal to DE, and 
[■ therefore AB is equal to AC. 

Therefore if two angles of a Iriang/e be equal to eaeh other 
I lie sides which subtend these equal angles shall be also equal. 



PROPOSITION 7. 

Jf tzi/o triangles have the three sides of one of them equal. 
I respectively, to the three sides of the other, the triaiigles shall 
I be equal in all their farts. 

Let ABC and DEF be two triangles having the three 
f sides AB, BC, and CA, of the one equal, respectively, to the 
I three sides DE, EF, and FD of the other ; then shall the 
I two triangles ABC and DEF be equal in all their parts. 

Let the triangle ABC be applied to the triangle DEF, so 
I that the point B may coincide with the point E, anil the 
I sti^ght line BC with the straight line EF, then tlie point C 
tmust coincide with the point F, because BC is equal to EF. 

If the triangle DEF be situated as in Fig. 19, then 
I ivhen the points B and C coincide with the points E and F 



Fig. 18. 



Fig. 19. 




1 respectively, the triangles ABC and DEF must lie on the 
I same side of the hne EF. Therefore the two sides BA and 
(AC must coincide with ED and DF respectively, and the 
ws^oincide with the point D. 
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For if they did not, then upon the same base EF and uptHJ. 
the same side of it there would be two triangles, AEF andj 
DEF, having the two sides AE and DE terminated in the 
extremity E of the base equal to each olber, and at the s; 
time the two sides AF and DF terminated in the otfad 
extremity F equal, and this is impossible by Proposition 4; 
therefore the side AB coincides with the side DE, and thft 
side AC with the side DF, and therefore the angles at A, B^ 
and C are equal to the angles at D, E, and F respectively, 
and the triangle ABC is in all its parts equal to the triangle 
DEF 

If the triangle DEF be situated as in Fig. 20, then it may 
be proved that, by reversing the plane of the triangle ABG 
as in the preceding propositions, the points A, B, and < 
may be made to coincide with the points D, E, e 
respectively, and therefore that the triangle ABC is in aH 
its parts equal to the triangle DEF. 

AWc— There is no more in-structive exercise for Ih^ 
student than the endeavour to prove the same proposition 
in various ways. By this means great insight is gained into 
the relation of one geometrical truth to another, and the 
habit is formed of contemplating the same proposition in 
many different aspects. 

For example, we have proved in the corollaries to Propos 
sitions 5 and 6, respectively, the proposition that the atigla 
at l/ic base of an isosceks iriavgle are equal to one another, an& 
its converse. We might also proceed as follows : 

Fig. 21. Let ABC be an isosceles triangle having 

^ the sides AB and AC equal, then shall thf 

yN angles ABC and ACB be also equal, 

/ \ Let D be the middle point of BC aq< 

/ \ join AD. 

» f, ^ Then the three sides of the tiiangli 

ABD are respectively equal to the thre 
sides of the triangle ACD, and therefore the angles " 
two Owjgles are equal, each to each. 
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Fig. 22. 




Therefore BAD is equal to CAD, ADB to ADC, and 
ABC to ACB, 

and the last mentioned two angles are those subtending the 
equal sides AB and AC. 

Again, let ABC be a triangle in which 
the angles ABC and ACB are equal to 
each other, then shall the sides AB and 
AC be also equal. 

If not, let one of them, as AB, be 
greater than AC, then there is some part 
BD of AB equal to AC ; join DC. 

In the triangles ABC and DBC, the sides DB and BC are 
equal to AC and CB in the order mentioned, and the in- 
cluded angles are equal, therefore the angles opposite to the 
equal sides in each are equal, and therefore DCB is equal 
to ABC. 

But ABC is equal to ACB (by hypothesis), 
therefore DCB is equal to ACB, which is impossible, 
therefore the sides are equal. 

Again, we might prove Proposition 7 without the aid of 
Propositions i, 2, 3 and 4 as follows : 

Prove Proposition 5 by superposition, as in the text, and 
its corollary for the case of an isosceles triangle. 



Fig. 23. 



Fig. 24. 



Fig. 25. 






Let ABC and DEF be two triangles, having the three 
sides of one equal, each to each, to the three sides of the 
other. 
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Apply DEF to ABC, so that the points E and F coincide 
with the points B and C, and that the triangles DEF and 
ABC lie on the opposite sides of BC, reversing the plane 
for Fig. 24. 

Let G be the position of D in this case, and join AG. 

Because BA is equal to BG (each being equal to DE). 

Therefore, BAG is equal to BGA (Prop. 5, Cor.), 

Similarly, CAG is equal to CGA. 

Therefore, BAC is equal to BGC, i.e. to EDF, 

and similarly for the other angles. 

PROPOSITION 8. 

The greater angle of every triangle is subtended by the greater 
side^ and the greater side of every triangle is subtended by the 
greater angle, 

^ I St. Let ABC be a triangle having 

the angle ABC greater than the angle 
ACB then shall the side AC be greater 
than the side AB. 

Because ABC is greater than ACB, 
a straight line BD may be drawn within 
the angle ABC making the angle DBC. 
equal to the angle ACB ; let this Hne meet AC in D. 

Because DBC is equal to DCB, therefore the side DB is 
equal to the side DC (Prop. 6, Cor), 
To each of these equals add DA, 

therefore BD-f DA is equal to DC+DA. 
But DC + DA is equal to AC, and BD + DA is greater 
than AB (Prop, i), 

therefore AC is greater than AB. 
2nd. Let AC be greater than AB, then the angle ABC 
shall be greater than the angle ACB. 

The angle ABC cannot be equal to the angle ACB, for 
then the side AB would be equal to the side AC (Prop. 6, 
Cbr.), which it is not 
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Also the angle ABC cannot be less than the angle AC 11 
for then the side AC would be less than the side AB 
(Part i), which it is not 

Since, therefore, the angle ABC is neither equal to, nor 
less than, the angle ACB, it must be greater than it 



PROPOSITION 9. 

If two triangles have two sides of the one equal to two sides 
of the other^ each to each^ btU the angle contained by the two 
sides of the one greater than the angle contained by the tivo sides 
equal to them of the other^ the base of that which has the 
greater angle shall be greater than the base of the other. 

Fig. 27 a, b, c. 





C B 




Fig. 28 tf, b^ c. 






Let ABC and DEF be two triangles having the sides BA, 
and AC of the one equal, respectively, to the sides ED and 
DP of the other, but the angle BAC greater than the angle 
EDF ; then shall the side BC be greater than the side EF. 

Apply the triangle DEF to the tr\aT\g\e K^C, ^o ^'^X'C^^ 
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point D may be on A, and the straight line DE on AJ 
let both triangles lie on the same side of AB. 

Because the point D coincides with the point A, and DE 
coincides with, and is equal to, AB, therefore the point E 
coincides with the point B, 

Because the angle EDF is less than the angle BAG, the 
straight line DF must coincide ivith some line lying between 
AB and AC. 

Therefore the point F must coincide with some point G 
within the triangle ABC, or with some point H upon BC, 
or with some point K without the triangle ABC, such that 
the hue AK cuts the side BC. 
If F coincides with G, then 

Because AC+GB is greater than AG+GB (Prop. 2), 

and AC is equal to AG, each being equal to DF, 

therefore EC is greater than BG, 

therefore BC is greater than EF. 

If F coincides with H, tlien 

BC is greater than BH, 
therefore BC is greater than EF. 
If F coincides with K, then 

BC+AK is greater than AC + BK (Prop. 3), 

also AK is equal to AC, each being equal to DF, 

therefore BC is greater than BK, 

therefore BC is greater than EF. 



PROPOSITION 10. 

If two triangles have ttao ddes of one of them, respectively, 
equal to two sides of the other, but the base of the oiie greatett 
than the base of the other, the angle contained by the two s 
of the one shall be greater than the angle containeii by the 
sides equal to them of the other. 

Let ABC and DEF be two triangles having the sidi 
AJi and AC, respectively, equal to tlie ades DE aptj JP] 
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but ihe base BC greater than tlie base EF, then shall tha 
angle BAC be greater than the 
tngle EDF. Fig. 19. 

Tlie angle BAC cannot be 
equal to the angle EDF, for 
then the base BC would be 
equal to the base EF (Prop. 5), 
which it is not. 

Again, the angle BAC can- 
not be less than the angle 

EDF, for then the base BC would be less than the base 
EF (Prop. 9), which it is not, therefore the angle BAC must 
be greater than the angle EDF. 



EXAMfLES. 

I. If a point be taken within a triangle, and lines be 
drawn Grom it to the angular points of the triangle, prove 
that these straight lines will be together less than the sum 
of the sides of the triangle,* and greater than half their sum. 

3. If a straight line bedrawTi from the vertex of a triangle 
to the middle point of the opposite side, prove that this 
line will be less than half the sum of the sides which meet 
in the vertex, and greater than half the difference of this 
sura and the third side. 

3. If lines be draivn (as in the last example) from each of 
the vertices of the triangle in succession, prove that the 
perimeter of the triangle will be greater than the sum of 
these lines, and less than double that sum. 

4. ABC is a triangle ; on AB, produced if necessary. Like 
AD equal to AC, and on AC lake AE equal to AB and 
draw DE meeting BC in F. Prove that AF bisects the 
angle BAC. 

5. ABC is an isosceles triangle, of which the side AB is 
equal to AC, and D is the middle point of BC : in AC a 

* This sum is called the petimetet ot lie \iisii^E. 
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point E is taken ; prove that the difference of DB and DE 
is less than the difference of AB and AE. 

6. Prove that two triangles are equal in all respects when 
they have two sides equal, each to each, and likewise the 
lines joining the middle points of these sides with the op- 
posite angles equal in each. 

7. ADB is a triangle, of which the angle B is greater than 
the angle A, and C is a point on the same side of AB as the 
triangle, such that CA and CB are each equal to half the 
sum of DA and DB. If CB cuts AD in E, prove that EA 
is greater than EB, and EC greater than ED. 

Section II.— On Angles. 

PROPOSITION II. 

From a given point in a given straight line^ it is always 
possible . to draw a straight line at right angles to the given 
straight line. And every straight line drawn from the given 
point on the same side of the given straight line makes the 
adjacent angles together equal to two right angles, 

p. Let C be the given point, 

and AB the given straight line. 
Draw any finite straight line 
CD, from the point C above 
AB, and so that the angle BCD 

is less than the adjacent angle 

^ ^ ACD. 

I Let the angle BCD be transferred so that the arm CB 
may coincide with CA, and let CE be the line with which- 
the arm CD then coincides, D falling on E. 

Join ED, bisect ED in F, and join CF, then CF shall be 
at right angles to AB. 

Because CD coincides with CE therefore CD is equal to 
CE, also the angle ACE coincides with and is therefore 
equal to the angle ACE. 
-Because in the two triangles EC¥ and T^CY, \3cv^ ^\d^^ 
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CE, EF, and FC are respectively equal to the sides CD, 
DF, and FC, the two triangles are equal in all their parts. 

Therefore the angle DCF is equal to the angle ECF, and 
the angle DEC to the angle EEC. 

Because the angle FCE is equal to the angle FCD, and 
the angle EC A is equal to the angle DCB, 

therefore the angle FCA is equal to the angle FCB, 
therefore FC is at right angles to AB. 

Again, because the angle DCB falls short of the right 
angle FCB by the angle FCD, and the angle DCA exceeds 
the right angle FCA by the same angle FCD, therefore 
DCA + DCB is equal to the sum of the two right angles 
FCA and FCB, 

or DC A + DCB is equal to tv\'0 right angles. 

Corollary i. — If a line be drawn from the vertex of an 
isosceles triangle to the middle point of the base, this line 
will bisect the vertical angle and will also be perpendicular 
to the base, for EFC and DEC are right angles, being equal 
adjacent angles. 

Corollary 2. — If any number of straight lines, as CD, 
CE, and CE, be drawn from 
a point C, in the straight line 
AB, and on the same side of 
it, then the sum of the angles 
ACD, DCE, ECF, and FCB, 
will be together equal to two 
right angles. 

Corollary 3.--If any number of straight lines, as AB, AC, 



Fig. 31. 




AD, AE, and AF, all meet in 
the point A, then the sum of 
the angles BAC, CAD, DAE, 
EAF, and FAB, will be to- 
gether equal to four right 
angles. For if BA be pro- 
duced to G, it is evident that 
the sum of these angles is equal 



Fig. 32- 
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to the sum of the angles BAG, CAD, and DAG, together with 
the sum of the angles GAE, EAP", and FAB, and each of 
these sums is equal to two right angles by the last corollary. 



DEFINITIONS. 

21. — An angle less than a right angle is called an cunite 
angle, and an angle greater than a right angle is called an 
obtuse angle. 

22. — The angle by which any given angle falls short of two 
right angles is called the supplement of the given angle. 

23. — The angle by which any given angle falls short of one 
right angle is called the complement of the given angle. 

jj,. 24. — If tw^o straight lines, as AB 

and CD, cut each other in the point 
E, the angles AEC and BED are 
said to be vertically opposite angles, 
and so are the angles AED and 
CEB (Fig. li). 



PROPOSITION 12. 

If two straight lines cut one another^ the vertically oppo- 
site angles sliall he equal. 

Let the straight lines AB and CD 
Fig. 34- cut one another in the point E, then 

the vertically opposite angles AEC 
and BED shall be equal to each 
other, as also the angles AED and 
BEC. 

Because AE stands upon CD, 
therefore AEC + AED is equal to two right angles (Prop. 1 1). 

And because CE stands upon AB, 
therefore AEC + CEB is equal to two right angles (Prop. 11), 
therefore AEC +AEl^ is equal to AEC + CEB. 





F«. 3i- 



A ngks. 29 

Take away the common angle A EC, 

therefore the angle AED is equal to tlie angle EEC. 
Similarly it may be proved that the angle AEC is equal 
to the angle BED. 

PROPOSITION 13. 

Ifafa fpitil in a straight lint Iwo straight lines on opposite 
sides of it make the adjacent angles together equal to tivo right 
angles, or make Ike vertically epposit: angles equal to one 
{mother, these two straight lines shall be in one and the same 
straight line. 

ist. At the point C in the 
straight hne AB, and on op- 
posite sides of AB, let the ^^ ^ 

two straight Hnes DC and '"jg^^^-- — " 

CE make the adjacent angles u ^.•^ 

ACD and ACE together equal " 

to two right angles, then shall DC and CE be in the same 

straight line. 

If CE be not in the same straight line with DC let, if 
possible, OF be in the same straight line with DC. 

Because CA is drawn from the point C in the straight Hne 
DCF 
therefore DCA+ ACF is equal to two right angles (Prop. 1 1). 

But, by hypothesis, 

DCA+ACE is equal to two right angles, 
therefore DCA+ACF is equal to DCA+ACE. 

Take away the common angle DCA, 
therefore the angle ACE is equal to the angle ACF 
which is impossible. 

Therefore CF is not in the same straight line with DC, and 
similarly it may be proved that no other line, except CE, is 
in the same straight line with DC, 

therefore DCE is a straight line. 

and. Let the two straight lines DC and CE on opposite 
[fijdcB of AB make the vertically opposite aa^^ QC^ -aa^. 
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ACE equal, then shall DC and CE be in the same si 
line. 

If not, let OF be in the same straight line with DC. 

Because the straight hnes ACB and DCF intersect ii 
therefore the angle DCB is equal to the angle ACF (Prop. 

But, by hypothesis, 

the angle DCB is equal to the angle ACE. 

Therefore the angle ACE is equal to the angle ACF, 
which is impossible. 

Therefore CF is not in the same straight line with 
and similarly it may be proved that no other line than 
can be in the same straight line with DC, therefore DC 
CE are in the same straight line. 




PROPOSITION 14. 
The exterior angle, formed by producing any one side of a 
triangle, is greater than either of the interior and non-adjacent 
angles, and any two angles of a triangle are together less than 
two right angles. 

j.^ - Let ABC be a triangle, and 

' ^ ' ^, let the side BC be produced 

to D, then 

I St. The exterior angle AC D 
shall be greater than either 
of the interior non-adjacent 
angles BAG or ABC. 

Let E be the middle point 
of AC, join BE and produce 
it to F, making EF equal to BE, and join CF. 

Because the two sides AE and EB, and the angle AEB, 
are respectively equal to the two sides CE and EF, and 
the angle CEF (Prop. 12 and construction), 

therefore tlie triangles AEB and CEF are equal in all 
iheir parts, 
therefore the angle ACF is equal to the angle BAC, 
e the angle ACDis gre:iter than the angle BAC. 
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If AC be produced to G, it may be proved in a similar 
manner that the angle BCG is greater than the angle ABC. 
But the angle BCG is equal to the angle ACI) (Prop. 12), 
therefore the angle ACD is greater than either of the 

angles BAC or ABC. 
2nd. Any two angles of the triangle, as ABC and ACB, 
shall be together less than two right angles. 

Because the angle ACD is greater than the angle AHC, 

therefore ACD+ACB is greater than ABC + ACIJ. 

But ACD+ACB is equal to two right angles (Prop. 11), 

therefore ABC+ ACB is less than two right angles. 

PROPOSITION 15. 
If a point be taken outside a given straight line, then — 

1. // shall be alivays possible to draio one line, ami only one 
line, from this point perpendiadar to the given line, and lines 
equally inclined to this perpendicular shall be equal to one 
another. 

2. The perpendiatlar shall be the shortest line that can be 
drawn from tlu givai point to the given lim\ and of any pair 
of lines unequally inclined to the perpendicular the line nearer 
to it shall be less than that more remote. 

Let AB be the given straight line, and C the point with- 
out it 

I St. It shall be always 
possible to draw one, and 
only one, line from C per- 
pendicular to AB, and 
lines to AB from C equally 
inclined to this perpendi- 
cular shall be equal to 
one another. 

Suppose the plane which 
contains the point C and the line AB to be turned about the 
line AB until die portion of the plane above AB is brought 
into coincidence with the portion of the same plane below 
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ACE equal, then shall DC and CE be in tlie same straight 
line. 

If not, let CF be in the same straight line with DC. 

Because the straight lines ACB and DCF intersect in C, 
therefore the angle DCB is equal to the angle ACF (Prop. I a). 

But, by hypothesis, 

the angle DCB is equal to the angle ACE. 

Therefore the angle ACE is equal to the angle ACF, 
which is impossible. 

Therefore CF is not in the same straight line with DC, 
and similarly it may be proved that no other line than CE 
can be in the same straight line \vith DC, therefore DC and 
CE are in the same straight line. 

PROPOSITION 14. 
The exterior angle, f 01 mcd by producing any one side of a. 
triangle, is greater than either of the interior and non-adjaeent 
angles, and any two angles of a triangle are together less than 
two right angles. 

Let ABC be a triangle, and 
let the side BC be produced 
to D, then 

ist The exterior angle ACD 
shall be greater than either 
of the interior non-adjacent 
angles BAC or ABC. 

Let E be the middle point 
of AC, join BE and produce 
it to F, making EF equal to BE, and join CF. 

Because the two sides AE and EB, and the angle AEB, 
are respectively equal to the two sides CE and EF, and 
the angle CEF {Prop. 12 and construction), 

therefore the triangles AEB and CEF are equal in all 

their parts, 

therefore Ihe angle ACF is equal to the angle BAC, 



Fig. 36, 
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If AC be produced to G, it may be proved in a similar 
manner that the angle BCG is greater than the angle ABC. 
But the angle BCG is equal to the angle ACD (Prop. 12), 
therefore the angle ACD is greater than either of the 

angles BAC or ABC. 
2nd. Any two angles of the triangle, as ABC and ACB, 
shall be together less than two right angles. 

Because the angle ACD is greater than the angle ABC, 

therefore ACD+ACB is greater than ABC+ACB. 

But ACD + ACB is equal to two right angles (Prop. 11), 

therefore ABC+ACB is less than two right angles. 

PROPOSITION 15. 
If a point be taken outside a given straight line^ then — 

1. // shall be ahuays possible to draw one line^ and only one 
line^from this point perpendicular to the gii'cn line, and lines 
equally inclined to this perpendicular shall be equal to one 
another, 

2. The perpendiailar shall be the shortest line that can be 
drawn from the given point to the given line^ and of any pair 
of lines unequally inclined to the perpendicular the line nearer 
to it shall be less than that more remote. 

Let AB be the given straight line, and C the point with- 
out it. 

I St. It shall be always 
possible to draw one, and 
only one, line from C per- 
pendicular to AB, and 
lines to AB from C equally 
inclined to this perpendi- 
cular shall be equal to 
one another. 

Suppose the plane which 
contains the point C and the line AB to be turned about the 
line AB until the portion of the plane above AB is brought 
into coincidence with the portion of the same plane below 
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ACE equal, then shall DC and CE be in the same straight 
line. 

If not, let CF be in the same straight line with DC. 

Because the straight lines ACB and DCF intersect in C, 
therefore the angle DOB is equal to the angle ACF{Prop. 12). 

But, by hypothesis, 

the angle DCB is equal to the angle ACE. 

Therefort the angle ACE is equal to the angle ACF, 
which is impossible. 

Therefore CF is not iti the same straight hne with DC, 
and similarly it may be proved that no other line than CE 
can be in the same straight line with DC, therefore DC and 
CE are in the same straight line. 

PROPOSITION 14. 
The exterior angle, forrmd by producing any one side of . 
trijiigle, is greater than either of the interior and non-adjaemt 
angles, and any iwa angles of a triangle are together less thai 
two right angles. 
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Let ABC be a triangle, and 
let the side BC be produced 
to D, then 

ist. The exterior angle ACD 
shall be greater than either 
of the interior non-adjacent 
angles BAC or ABC. 

Let E be the middle point 
of AC, join BE and produce 
it to F, making EF equal to BE, and join CF. 

Because the two sides AE and EB, and the angle AEB, 
are respectively equal to the two sides CE and EF, and 
the angle CEF {Prop. 12 and construction), 

therefore the triangles AEB and CEF are equal in al 

their parts, 

therefore the angle ACF is equal to the angle BAC, 
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If AC be produced to G, it may be proved in a similar 
manner that the angle BCG is greater than the angle ABC. 
But the angle BCG is equal to the angle ACD (Prop. 12), 
therefore the angle ACD is greater than either of the 

angles BAC or ABC. 
2nd. Any two angles of the triangle, as ABC and ACB, 
shall be together less than two right angles. 

Because the angle ACD is greater than the angle ABC, 

therefore ACD + ACB is greater than ABC + ACB. 

But ACD + ACB is equal to two right angles (Prop. 1 1), 

therefore ABC + ACB is less than tvfo right angles. 

PROPOSITION 15. 
If a point be taken outside a given straight line, then — 

1. // shall be always possible to draiv one line, and only one 
line, from this point perpendicular to the given line, and lines 
equally inclined to this perpendicular shall be equal to one 
another, 

2. The perpendicular shall be the shortest line that can be 
drawn from the given point to the gir-en line, and of any pair 
of lines unequally inclined to the perpendicular the line nearer 
to it shall be less than that more remote. 

Let AB be the given straight line, and C the point with- 
out it. 

I St. It shall be always 
possible to draw one, and 
only one, line from C per- 
pendicular to AB, and 
lines to AB from C equally 
inclined to this perpendi- 
cular shall be equal to 
one another. 

Suppose the plane which 
contains the point C and the line AB to be turned about the 
line AB until the portion of the plane above AB is brought 
into coincidence with the portion of the s^isi^ \iVM\fc\i^'3^ 
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AB, and let D be the point with which the point C coin- 
cides ill this case. 

Join CD, meeting AB in E, take F, any other point 
AB, and join CF and DF. 

Because the straight line EC is made to coincide wi 
the straight line ED, while AB remains fixed, 

therefore the angle AEC is equal to the angle AED, 
therefore each of the angles AEC and AED is a right angle. 

But CEB is equal to AED (Prop, tz), therefore CEB and 
AEC are each right angles, and EC is perpendicular to AB. 

Also no other line except CE can be drawn from C at 
right angles to AB. 

For, if it were so drai\'n, we should have tivo angles of a 
triangle together equal to two right angles, whicli is impos- 
sible, by Prop. 14. 

Let CG he a line from C, such that tlie angle ECG is 
equal to the angle ECF. 

Then in the triangles ECG and ECF the two angles FEC 

and FCE of the one are equal to the two angles GEO and 

GCE of the other, each to each, and the side EC adjacent 

to the equal angles is common ; 

therefore the triangles are equal in all their parts, and the 

side CG is equal to the side CF. 

and. CE is the shortest line from C to AB, and CF which 
is nearer to CE, is less than CH, which is more remote. 

Because CEF is a right angle, therefore CFE is Jess than 
a right angle (Prop. 14), 

therefore CFE is kss than CEF, 
therefore CE is less than CF (Prop. 8), 

i.e. CE is less than any other straight line from C to AB. 

For the same reason as above the angle CHF is less than 
a right angle. 

Also the angle CFH is greater than the interior angle 

CEF, and therefore greater than a right angle (Prop. 14), 

therefore CFH is greater than CHF, 

therefore CE is less Uiaa CH (Prop. 8). 
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Corollary. — If one straight line bisect another straight 
line at right angles, then every point of the bisecting line 
will be equidistant from the extrenuties of the bisected line. 



If two strai^t lines cut one another, prove that the 
two bisectors of the angles formed at their point of inter- 
section are perpendicular to each other. 

t. Two straight lines, CA and CB, intersect in a point C, 
and CO is a line through C biiecting the angle ACB. Prove 
that if CD be any otlier line whatever draw-n through C, 
the angle DCO will be equal to half the sum or half the 
difference of the angles DCA and DCB, accortiing as CD is 
without or within the angle ACB. 

Prove that the perpendiculars drawn from the ex- 
tremities of the base of an isosceles triangle upon the 
opposite sides are equal to one another. 

4. ABC is a triangle, and AD the line bisecting the angle 
BAC ; through A the line EAF is drawn at right angles to 
AD. Prove that if P be any point on the line EF, the 
perimeter of the triangle BPC will be greater than that of 
ABC. 

5. If two straight hnes intersect in a point, and one of 
the four angles be a right angle, prove that all the rest are 
right angles. 

6. Two angles are supplementary, and the greater is 
double of the less ; find what fraction the less is of two 
right angles. 

7. From a given point in a given straight line, two straight 
lines, and only two, can be drawn, so that each may make 
a given angle with the given line. 

Note. — Suppose the plane of the paper to be that of a 
billiard table, and AB to be one of the cushions. Let a ball 
be struck so as to impinge upon the cushion in the direction 
CP, and let PN be at right angles toAB. Then P is called 
tb&psati of tMadeiia, and CFN the ait^t of inddavit^ «ad.Sii. 
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is proved in Mechanics that if PR be drawn through P, 
making the angle RPN equal to CPN, the ball will, if its 
elasticity be perfect, after striking the cushion, rebound 

p. g the direction PR ; the line PR 

is called the line of reflection, 
and the angle NPR the angle 
of reflection, and the property 
alluded to is generally stated 
. thus : the angle of r^ection is 
' equal to the angle of inddence. 

Draw CD perpendicular to AB 
and produce it to E, making DE 
equal to CD and join PE, then it follows from the text 
that DPE and DPC are equal angles. But RPB is 
equal to DPC, therefore RPB is equal to DPE, therefore 
EPR is a straight line, and therefore whatever be the point 
of incidence the ball rebounds as if it came from E. 

Or again, if the plane of the paper were some horizontal 
plane, and AB the section by this plane of a vertical plane 
reflecting mirror, and C a luminous point, then it is proved 
in optics that if a ray of light were incident upon AB &oin 
C in the direction CP, it would be reflected in a direction. 
PR, such that the angles of incidence and reflection were 
equal. Therefore every ray after reflection proceeds as if it- 
came from E, wherever may be the point of incidence, and 
if an eye were situated at R it would look towards E to re- 
ceive the reflected light. Therefore the eifect to observers 
is in all respects the same as if a luminous spot were situated 
at E. The point E is called the image of the point C. 

If S be a point in AB different from P, and the lines CS,, 
ES and RS be joined, we have 

CP equal to EP and CS equal to ES ; 
therefore CP + PR is equal to EP + PR, i.e. equal to ER. 
But ER is less than ES + SR, i.e. less than CS + SR. 

Or, in other words. If two given points (C and R) be 
situated on the same side of a given straight line, and & 
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point be found in this line, such that the lines joining it 
with the given points make equal angles with the opposite 
parts of the line, these two lines will be together less than 
the sum of the two lines drawn from the given points to 
any other point in the given line. 

PROPOSITION i6. 

If two righi-an^cd triangles have iheir hypothenuses equal, 
and a side of the one equal to a side of the other, the two triangles 
shall be ^ual to one another in all their parts. 

Let ABC and DEF be two right-angled triangles, having 
■flie angles at B and E right angles, and the hypothenuses 
AC and DF equal, also let the side AB be equal to the side 
DE J then shall the triangles ABC and DEF be equal to 
one another in all their parts. 

Let the triangle DEF be applied to the triangle ABC 
so that the point E may fall on the point B, and the side 
ED on the side EA, and let the triangles lie on the same 
side of AB. 

ause die point E coincides with the point B and the 
[traight line F.D coincides with and is equal to the straight 
line BA, therefore the point D coincides with the point A. 

Because ED coincides with BA, and the angle DEF is 
equal to the angle ABC, therefore EF coincides with BC ; 

Fig. 39- 



therefore DF must coincide with AC, for, L it do not, let it 
take some other direction as AG, within the angle BAC. 

Because AB is the perpendicular from A upon BC, and 
AG is nearer to AB than AC, therefore AG is less than 
AC (Prop. IS). 
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But AG is also equal to AC, because each of them is equal 
to DF, 

which is impossible ; 

therefore DF canhot fall within the angle BAC, and in 

manner it may be proved that DF cannot fall without the 

angle BAC, therefore DF must coincide with AC, 

therefore the points A, B, and C coincide with the points 

D, E, and F respectively, 

and therefore the triangles DBF and ABC are equal in 

all their parts (Prop. 5, Cor, 2). 

PROPOSITION 17. 

/f two right-angled -triangles have their hypethenuses equal, 

and one side of the otu greater than one side of the other ^ then 

shall the remaining side of the one be less than tlie remaining 

side of the other. 

Fig. 40. 




Let ABC and DEF be two right-angled triangles, having 
the angles at B and E right angles, and the hypolhenuses 
AC and DF equal. Also let the side DE be greater than 
the side AB, then shall the side EF be less than the side 
BC. 

Apply the triangle DEF to the triangle ABC so that thi 
point E coincides with the point B, and the side ED witi 
the side EA, and let the triangles lie on the same side a 



Because E coincides with B and ED coincides with 
is greater than BA, therefore the point D coincides wil 



some point C in BA produced. 
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Because ED coincides with BA. and the angle DEF is 
equal to the angle ABC, therefore EF coincides with BC. 

Then DF must coincide with some line as GH, meeting 
BC between B and C. 

For, if not, it must either coincide with GC, or some such 
line as GK without the triangle ABC. 

Because CB is perpendicular to GB, and the angle BCA 
less than the angle BCG, therefore CA is less than CG 
(Prop. 15). 

Similarly because GB is perpendicular to BC, therefore 
GC is less than GK, 

therefore AC is less than either GC or GK. 

But DF is equal to AC, and therefore DF cannot coincide 
either with GC or GK : 

therefore DF must coincide with some such hue as GH, 
but BH is less than BC, 

therefore EF is less than BC. 



Section III. — On Parallel Straight Lines. 
DEFINITIONS. 

When a straight line intersects two other straight lines it 
makes with them four angles at each of the two points of 
intereection, which angles have received special names. 



FiE- 4"- 



In the figure 1, 2, 7, 8 arc 
called extericr angles ; and 3, 4, 
5, 6 are called interior angles, 

26. — Again, i and 5 are said to 
be corraponding angles ; so also 
are 2 and 6, 7 and 3, 8 and 4 ; 
and 3 and 6 are called a/lemale 
angles ; so also are 4 and 5. 

27. — Two straight lines which 
are situated in the same plane, and cannot meet, however 
iar they may be produced, are called paralid lines. 
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Axiom 4. — If two straight lines be each of them parallel 
to 3, third straight line they cannot meet one another ; 
or, in other words, through any one point no more than 
one straight line can be drawn parallel to the same straight 
line 

PROPOSITION 18. 

If a straight line, cutting two other straight lines, make the 
angles in either pair of alternate angles, or in any pair of cor- 
responding angles equal to each ot/ier, or make the two interior 
armies on either side of the cutting line togeilier equal to two 
right angles, t/iese two straight lines shall be parallel 

ist. Let the straight line EF, cutting the two straight 

lines AB and CD, make the angles in either pair of alternate 

p. angles, as AGH and GHD, 

equal to each other, then 

AB shall be parallel to CD. 

For, otherwise, AB and 
CD will meet when produced 
far enough either towards A 
and C or towards E and D. 
Let them meet, when pro- 
duced towards B and D, in 
the point K. 
Because KGH is a triangle, and the side KG is pro- 
duced to A, therefore the exterior angle AGH is greater 
than the interior angle GHD. 

Btit, by hypothesis, the angle AGH is equal to the angle 
GHD, 

which is impossible, 
therefore AB and CD do not meet when produced towards 
B and D. 

Similarly, it may be proved that they do not meet when 
produced towards A and C, 

therefore AB and CD are parallel. 
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^d. Let the angles in any pair of corresponding angles, 
as EGB and GHD, be equal lo each other, then AB shall 
be parallel to CD. 

Because the angle EGB is equal to the angle AGH 
{Prop. 17), 

and the angle EGB is equal to the angle GHU by hypothesis, 
therefore the angle AGH is equal to the angle GHD, 

therefore AB and CD are parallel by the first case. 

3rd. Let the two interior angles BGH, and GHD, on the 

same side of GH, be together equal to two right angles, then 

shall AB and CD be paraUel. 

Because HG stands on AB, 

therefore AGH + BGH is equal to two right angles (Prop. 1 1). 

therefore AGH+BGH is equal to BGH+GHD; 

take away the common angle BGH ; 

therefore the angle AGH is equal to the angle GHD, 

therefore AB is parallel to CD by the first case. 
CfiTfil/ary.—lt A. straight line cut two other straight lines, 
and either of the two airuif, or either of the two obtuse 
angles fonned at the point of intersection with the one line 
be equal to either of the two acitte, or either of the two obtuse 
angles, formed at the point of intersection with the other, 
then these two straight lines shall be parallel. 

PROPOSITION 10. 

If a straight line cut two parallel straight lines, it shall 
tnake the angles in either pair of alternate angles, or in any 
pair of corresponding angles, equal to each other, and also the 
two interior angles on either side of the cutting line together 
equal to tw9 right angles. 

Let the straight line EF cut the two parallel straight 
lines AB and CD, then— 

1st. The angles in either pair of alternate angles as AGH 
and GHD shall be equal to each other. 

If AGH be not equal to GHD we 103.^ draw ^i«<3i^ 
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H a line KHL so that AGH may be equal to GHL ; and 
this line will be situated as in Fig. 43 or Fig. 44, according 
as AGH is greater or less than GHD, 

therefore AB is parallel to KL by the last proposition. 

Fig, 43, Fig, 44- 





But AB is parallel to CD, 

therefore two straight lines KL and CD are drawn through 

the same point H, each of them parallel to AB, 

which is impossible {Ax. 4) ; 

therefore the atigle AGH is equal to the angle GHD- 

and. The angles in any pair of corresponding angles, as 

EGB and GHD, shall be equal to each other. 

Because AB is parallel to CD, therefore the angles AGH 
and GHD are equal by the first case. 

Because EGB and AGH are vertically opposite angles, 
therefore the angle AGH is equal to the angle EGB {Prop, i i), 
therefore the angle EGB is equal to the angle GHD. 
3rd. The two interior angles on either side of EF as BGH 
and GHD, sliall be together equal to two right angles. 

Because AB and CD are parallel, therefore the angle EGB- 
is equal to the angle GHD by the second case, 

therefore EGB+BGH is equal to BGH+GHD. 
But EGB4-BGH is equal to two right angles, therefor* 
BGH+GHD is equal to two right angles. 

Corollary i.— If two straight lines are parallel they are 
equally inclined to any straight line which cuts them both; 
1. e. each acute angle made by the cutting line with eithi 
of the taro paraUds is equal to each acute angle made 
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; cutting line with the other of the two parallels, and 
similarly for the obtuse angles, 

C&roliary 2. — If two straight lines are each perpendicular 
to the same straight line they are parallel to one another, 
and, conversely, if one of two parallel lines be perpen- 
dicular to a given straight line the other of the two paiallel 
lines will be also peqjendicular to that straight line. 

PROPOSITION 20. 

1/ a straight line cut tivo other straight lines, anil make 
tht two interior angles en ext/ter side of the euttiitg line, together, 
less than two right armies, these two straight lines, if pro- 
duced far enough, shall meet on that side of the cutting line 
on which this pair of interior angles is situated. 

Let the straight line EF, cutting the two straight lines AB 
and CD make the two interior angles BGH and GHD, 
together, less than two right angles. 

AB and CD, if produced far enough towards B and D, 
shall meet 

If AB and CD do not meet when produced towards B 
and D, they must either be parallel or else meet when pro- 
duced towards A and C. 

If AB and CD be paralld, 
the angles BGH and GHD will 
be, together, equal to two right 



Fig- 45- 



But BGH and GHD are to 

gether less than two right angles, 
therefore AB and CD are not 
parallel. 

If AB and CD meet when 
produced tojvards A and C, the 
I angles AGH and CHG will be two of the 




_les of a 
triangle, and therefore together less than two right angles 
(Prop, 14). 
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But the angles BGH and GHD are also, together, less 
than two right angles, 
therefore the four angles AGH, BGH, CHG, and DHG, 

are together less than four right angles. 

But the angles in each pair of angles AGH and BGH, 

CHG and DHG, are together equal to two right angles, 

therefore the four angles AGH, BGH, CHG, and DHG, 

are together eguai to four right angles, and we have already 

shown that these four angles are together less than four 

right angles, which is impossible ; 

therefore AB and CD do not meet towards A and C, ajid 

it has been proved that they are not parallel, 

therefore AB and CD meet towards B and D. 



PROPOSITION 1 

If two intersecting straight lines be paralhl to two other 
ifUersectif^ straight lines mch to each, then each of the acute 
angles at one of the points of intersection shall be equal to 
each of the acute angles ai the other point of intersection, and 
similarly for the obtuse angles. 

Let the two straight lines AB and CD intersecting at O 
be respectively parallel to the two straight lines EF and 
p.^ ^^ GH intersecting at P, then 

shall each of the acute anglea 
at O be equal to each of the 
acute angles at P, and each 
of the obtuse angles at O to 
each of the obtuse angles 
at P. 

Because OC meets OB, and 
PE is parallel to OB, there- 
fore PE or PE produced must meet OC or OC pro- 
duced in some point M (Ax. 4), 
Because OC meets Uie parallels MP and OB 
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points M and O, therefore each of the acute angles at M is 
equal to each of the acute angles at O (Prop. i8, Cor. i). 

Similarly each of the acute angles at M is equal to each 
of the acute angles at P, 

therefore each of the acute angles at is equal to each of 
the acute angles at P. 

Similarly each of the obtuse angles at O may be proved 
to be equal to each of the obtuse angles at P. 



PROPOSITION 22. 
ff two intersecting straight lines be perpendicular to two 
other intersecting straight lines each to each, then each of the 
aeuie angles at otu of the points of intersection shall bt equal to 
eack of the acute atigles at ike other point of intersection, and 
similarly for the obtuse angles. 

Fig. 47. 




JiCt the stiEught lines AOB and COD intersecting at 
be perpendicular to the straight lines EPF and GPH inter- 
secting at P, each to each, then shall each of the acute 
angles at be equal to each of the acute angles at P, and 
each of the obtuse angles at to each of the obtuse angles 
at P. 

Let the figure foimed by the two intersecting straight 
lines AOB and COD be turned round O, until AOB coin- 
cides with KOL at right angles to AOB, and let COD 
coincide mth MON in this case. 

Because the line AOB has been turned through a right 
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therefore the line COD has been turned throngh a right 

angle. 
Because Kl, and EF are each perpendicular to AOB, 

therefore they are parallel {Prop. 19, Cor. 2). 

Similarly MN and GH are parallel, 

therefore each of the acute angles between KL and MN at 

O is equal to each of the acute angles between EF and GH 

at P (Prop. 21). 

Because AB and CD have been made to coincide wifli 

KL and MN respectively, therefore each of the acute angles 

between KL and MN at O is equal to each of the acute 

angles between AB and CD at O, 

therefore each of the acute angles between AB and CD 

at O is equal to each of the acute angles between EF and 

GH at P. 

Similarly each of the obtuse angles between AB and CD 
at is equal to each of the obtuse angles between EF and 
GH at P. 

Examples. 

I. If through the middle point D of the side AB of the 
triangle ABC a line be drawn parallel to BC, prove that the 
latter will pass through E, the middle point of AC, and that 
DE will be equal to half of BC. 

1. If AC and BD be two parallel straight lines, and ABO 
CDO two lines meeting in 0, such that the intercepts AB 
and CD are equal, prove that AO will be equal to CO, 
and BO to DO. 

3. If the lines containing one of two angles be paralld 
respectively to the lines containing the other, prove that 
the bisectors of these angles will be either perpenaicular or 
parallel to one another. 

4. The angle between the bisector of the angle A of the 
triangle ABC and the perpendicular from A on BC is equal 
to half the difference of E and C. 

/. // the lines containing one of two angles be 
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dicular respectively lo the lines containing the other, prove 
that the bisectors of these angles will be either perpen- 
dicular or parallel to one another. 



PROPOSITION as. 

//one side ef a iriangU be produced, the exterior angle shall 
be equal to the two interior non-adjacent angles, and the three 
angles of every triangle are toget/icr equal to two right angles. 

ist Let the side BC of the triangle ABC be produced to 
D, then shall the exterior angle ACD be equal to the two 
interior non-adjacent angles 
ABC and BAC. 

Through C draw CE parallel 
to AB. 

Because AC cuts the two 
parallel lines AB and CE 

therefore the alternate angles BAC and ACE axe equal to 

each other (Prop. 19). 

Because BCD cuts the two parallel lines AB and CE 

therefore the corresponding angles ABC and ECD are 

equal to each other (Prop. 19.). 

therefore BAC+ABC is equal to ACE+ECD, i.e. to ACD. 

and. Because ABC + BAC is equal to ACD, 
add ACB to each ; 

therefore ABC+BAC+ACB is equal to ACD+AC& 

But ACD + ACB is equal to two right angles (Prop. 11); 
therefore ABC + BAC+ACB is equal to two right angles. 

Corollary. — If two angles of one triangle be equal to two 
angles of another triangle, the third angle of the first triangle 
will be equal to the third angle of the second. 

Note. — We have seen in Props. 5, 6, and 7, that two 
triangles are equal in all their parts when— • 

1st Two sides and the included angle of the one are 
respectiveiy equal to two sides and the included angle of 
the other \ or 
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and. IVhen two angles and the included side of the one 
are respectively equal to two angles and the included side 
of the other ; or 

3rd. When the three sides of the one are respectively 
equal to the three sides of the other. 

From the Corollary to Prop. 23 it follows that case z may 
be extended to the case of two angles, and a7iy side of the 
one being respectively equal to two angles and a side of 
the other, provided the equal sides in each triangle be in- 
cluded between or opposite to equal angles. 

And therefore we may say generally that two triangles are 
equal in all their parts when — 

ist. Two sides and the angle between them are equal 
in each ; 

2nd. Two angles and a side of one triangle are equal re- 
spectively to tivo angles and a side of the other, the sides 
which are equal in the two triangles being either included 
between or opposite to angles which are equal in the two 
triangles. 

3rd. All three sides are equal in each. 

If two sides and an angle of one triangle be respec- 
tively equal to two sides and an angle of the other, the 
equal angles being opposite to equal sides in tixe two tri- 
angles, the triangles will be equal in all their parts, pro- 
vided the angles opposite to the other equal sides in each 
be either both acute or both obtuse, as we shall see here- 
after (page 103), 

Section IV. — On Polygons. 
DEFINITIONS. 
s8. — A polygon is a plane figure bounded by straight lines. 
These bounding hnes are the sides of the polygon, and the 
points in which successive pairs of sides intersect are the 
angular points or va-tices of the polygon, also any straight 
liae joining two con-consecutive vertices is a diagonal oi 



I Thus ABCDE, Fig. 49, and ABCDE, Fig. 50, are poly- 
gons. Any line as AC or AD joining two 
Fie. 49. Fig- S°- 



vertices as A and C in Fig. 49, or A and D in Fig. 50, is 
a. diagonal. 

39. — A polygon is termed convex when it hes entirely on 
the same side of every one of the sides of the polygon ; thus 
ABCDE, Fig. 49, is a convex polygon, but ABCDE, Fig. 50, 
is not a convex polygon, because parts of the figure lie on 
opposite sides of one of its sides, viz. DE, 
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PROPOSITION 24. 



any convex polygon is less 
as theatre lias sides by 



The sum of the interior angles 
than twice as many right angle 
four right angles. 

Let ABCDEFG be any convex polygon. 

Take O, any point within it, and join O with the angl 



iof 



Fig. Si- 



the polygon A, B, C, 5;c. 

Then these lines divide the 
polygon into as many triangles 
as the figure has sides. 

Therefore the sum of the angles 
in all these triangles is equal to 
twice as many right angles as the 
figure has sides (Prop. 23). 

But this sum is the sum of the '' 

angles of the polygon ABC, BCD, &:c, together with the 
angles formed at O. 
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Also the angles at are together equal to four right 
angles, 

Therefore the sum of the angles of the polygon together 
with four right angles is equal to twice as many right ai^es 
as the figure has sides, or the sum of the angles of the poly- 
gon is less than twice as many right angles as the figure has 
sides by four right angles. 

Corollary.— \{ n be the number of sides, then the sum of 
the angles is equal to 

2« right angles less by 4 right angles, 
i. e. in algebraical language to (2«— 4) right angles. 



DEFINITIONS. 

J a four-sided figure in which the 
opposite sides are parallel (a). 



31.— A rectangle is a parallelogram in which one of the 
angles is a right angle ib). 

32.— A square is a rectangle in which all the sides are 
equal {c). 



33. — A rlwmbm is a four-sided figure in which all the 
sides are equal (d). 

34. — A trapezoid is a four-sided figure in which two op- 
^slte sides are parallel to each other (f). 
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■ PROPOSITION JJ. 
In every parallelogram the opposite sides and angles are equal 
to one artather respediveiy, and the diagonals bisect each oilier. 

Let ABCD be a panilIeIc^;Tam, of which AC and BD are 
the diagonals intersecting in E, then the opposite sides and 
angles of ABCD shall be equal p- 

to one another respecli^'ely, and ^ ,, 

each of the diagonals AC and 
ED shall be bisected in E. 

Because AC meets the parallel 
straight lines BC and AD, there- " '^ 

fore the alternate angles DAC and ACB are equal. 
Similarly, the angles BAC and DCA are ecjual 
Therefore in the two triangles CAD and ACB the angles 
at A and C in the one are equal to the angles at C and A 
in the other, and the side AC between the equal angles in 
each is common ; 

therefore the triangles CAD and ACB are equal in all 

their parts ; 

therefore AB is equal to CD, and AD to CB, and the angle 

ADC to the angle CBA. 

Also theparts CAD and CAB of the angle of the paraltelo- 

giam at A have been proved to be respectively equal lo the 

parts ACB andACD of the angle of the parallelogram at C, 

therefore the angle DAB is equal to the angle BCD. 

Again : Because the angles EAB and EBA have been 

proved lo be respectively equal to tlie angles ECD and 

EDC, and the side AB to be equal to the side CD, 

therefore the triangles EAB and ECD are equal in all 
their parts ; 
therefore AE is equal lo EC and DE lo EB. 
Corollary i, — Since the sum of the angles of any quadri- 
lateral figure is equal to four right angles by Prop. 34, and 
the opposite angles of a parallelogram are equal, it follows 
that if one angle be a right angle all the angles will be right 
angles, or that all the angles of a tectaiig\e aie n^t « 
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Corollary 2.— If two triangles can be applied to one 
onodier so that their angks coincide each with each, they 
are equal to one another in all tlieir parts, and if they be 
equal to one another in all their parts they may be so applied. 

Examples. 



I. From the extremities of the base of an isoceles triangle 
straight lines are drawn perpendicular to the opposite sides. 
Prove that the angles they make with the base are each 
equal to half the vertical angle. 

z. Prove that a convex polygon cannot have more than 
three acute interior angles. 

3. Prove that an angle of a triangle is equal to, less, or 
greater than a right angle according as the line drawn from 
it to the middle point of the opposite side is equal to, 
greater, or less than half that opposite side. 

4. In any triangle ABC two lines AD and AE are drawn 
to BC, making with AB and AC angles equal to C and ~ 
respectively. Prove that DAE is an isosceles triangle. 

5. If be any point within the triangle ABC, prove 
that the angle BOC is always greater than the angle BAC. 

6. In every triangle prove that the lines in each of tlie 
following systems of three lines meet in a point : 

i. The three perpendiculars from the angles upon the 

opposite sides. 

ii. The three bisectors of the angles. 

iii. The three lines from the angles to the middle points 

of the opposite sides. 

Prove also that the bisectors of each interior angle and 

the two non-adjacent exterior angles meet in a point 

7. In a right-angled triangle if one of the acute angles be 
double of the other, the hypothenuse will be double the 
smaller side. 

8. E\>ery parallelogram whose diagonals are equal is a 
rectangle, every parallelogram whose diagonals are perpcn- 

dicular to each other is a rhombus, and one whose diagonals 
AW both equal and perpendiculai to cat^k oVlcLia \s a. sqju 
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9. ABCD is a parallelogram, and E and F are the 
middle points of the sides AD and BC respectively. Prove 
thai BE and DF trisect the diagonal AC. 

10, Prove that the four straight lines which join the 
middle points of adjacent sides of a quadrilateral form a 
parallelogram. 

Section V. — On Loci. 

Nole. — We have seen (Prop. 15, Car.) that every point in 
the straight line which bisects at right angles the straight line 
joining two given points is equidistant from these points. 
We may also prove that if a point be not situated in this 
line it cannot be equidistant from these points. 



Fig- S3- 



For let DCE be the line bisect- 
ing AB at right angles, and let Q 
be a point not lying in the Hue DE. 

Join QA and QB, let AQ toeet 
CE in R, and join RB. 

RA is equal to RB, therefore AQ 
is equal to BR+RQ. 

But BR+RQ is greater than BQ 
and therefore AQ is greater than 
BQ, or the point Q is not equi- 
distant from A and B. 

When a line can be found, as in 
this case, such that every point in it satisfies a certain 
proposed condition, and that no point which is not situated 
in the line can satisfy that condition, the line is called the 
locus of a point satisfying the proposed condition. Thus 
in this case we say diat the locus of a point which is 
equidistant from two given points is the straigjit line which 
bisects at right angles the straight line joining the two given 
points. 

Ag^n : Let BAG and DAE be t%vo straight lines inter- 
iUiA(Fig.54>. Draw FAG bisecliaftthe. an^"^tsr 



Fig- 54- 
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take any point P in FAG and draw PL and PM perpen- 
dicular to AB and AD. 

Because the two triangles PAL 
and PAM have the angles at A 
equal, and the right angles at L 
and M equal, and AP common, 
therefore they are equal in all 
their parts, and therefore PM is 
equal to PL, i.e. every point in 
AF is equidistant from the lines 
AB and AD. 

Let R be a point within the 
angle BAD but not situated i 
the line AF, and from R draw 
RS and RT perpendicular to 
AB and AD, then RS cannot be 
equal to RT. For if so the right-angled triangles ARS and 
ART would have the hypothenuse AR common, and the 
sides RS and RT equalj and therefore they would be equal 
in all respects, and SAR would be equal to TAR, and ther 
fore SAP would be greater than TAR, and therefore still 
greater than TAP, which is contrary to this supposition. 

In the same way it may be shown that if a point Q be 
taken in AK it will be equidistant from the lines BC a 
DE, and that no point within the angle BAE, not situated 
in AK, can be equidistant from those lines. The same 
tiling may be proved of every point in AF or KK. produced. 
Therefore any point lying on either one of the straight 
lines FG and HK satisfies the proposed condition of 
being equidistant from the two given lines BC and DE, 
and no point not lying either on FG or HK satisfies this 
condition. 

In this case the two straight lines FG and HK, taken 
fcgclher, would he said to constitute the locus of a point sati^* 
fying the proposed condition. 
In solving guestions concerning loci an answer to thg 
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Fig- 55- 



question as to ifie nature of the locus may generally be 
arrived at by assuming the condition satisfied and reasoning 
from the figure thus obtained. For example, in the latter of 
the two questions just considered we might proceed tlius : 

To find the locus of the point which is equidistant from 
two given intersecting straight lines. 

Let AB and CD be the given lines intersecting in O. 
h ssume a point P situated within the angle 
BOD to be a point on the locus, and from 
P draw PE and PF perpendicular to AB 
and CD, and join OP. 

Because the right-angled triangles OPE 
and OFF have the hypothenuse OP com- < 
mon to both, and the side PE equal to 
the side PF, therefore they are equal to 
each other in all respects, and therefore the 
angles POE and POF are equal, therefore 
the line OP bisects the angle BOD, but only one line can 
be drawn through O bisecting the angle BOD, therefore the 
locus of P is that straight line. 

Similarly, if we assumed a point Q within the angle COB 
to be equidistant from CD and AB we should find that Q 
must be situated on the line bisecting the angle COB, 
whence the result stated above as to the locus of a point 
equidistant from two given straight lines. Subjoined are a 
few additional examples of loci. 

PROPOSITION 26. 
TTie iacus of the middle points of the straight Una drawn to 
different points in a given straighl line from a given point 
without it is the straight line bisecting at right angles tht per- 
pendicular from the ^ven point upon t/ie given straight line. 

Let A be the given point and BC the given straight linei 
From A draw AD perpendicular to BC and let AEba^w-^ 
jDt jjcrpendicular to EC a.nti me.e.VTO^'S'f\a"^. 
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Take G, the middle point of AE, and from G draw GF 
and GH perpendicular to AD and BD respectively, and 
Fig. 56. jo™ GD. 

Because GH and AD are 
both perpendicular to BC 
therefore they are parallel 
to one another, 
therefore the angle EGH is 
equal to the angle GAF 
(Prop. 19). 

Therefore the angles EGH and GHE and the side GE of 
the triangle EGH are respectively equal to the angles GAF 
and GFA, and the side AG of the triangle GAF, 

therefore the (liangles EGH and GAF are equal in all 
their parts, 
therefore GH is equal to AF. 
Because GF and BD are each of them perpendicular 
to AD, 

therefore GF is parallel to BD (Prop. 19, Cor. 2). 
Also G-H is parallel to AD, 

therefore the figure GFDH is a parallelogram, 

therefore GH is equal to FD (Prop. 25) ; 

but GH has been proved to be equal to AF, 

therefore FD is equal to AF, or the point G is on the line 

bisecting AD at right angles. 

PROPOSITION 37. 
The locus of a point from -which the sum of the perpen- 
dicular distances upon two given interseetiHg straight lines is 
equal to a given finite straig/it line, is the base of that isosceles 
triangle fanned by the ^ven lines, such that the perpendicular 
distance of either of the angles at the base from the opposite 
side is equal to the given finite straight line. 

Let AB and AC be the two given straight lines inter- 
secting in A, and F the given finite straight line. 
■Assume P ro be a point on the \0a15 beween ABandJ 




AC, and draw PG and PH perpendicular to AB and AC 
respectively. 

Through PdrawDPE, Fig. 57. 

cutting off an isosceles 
triangle from BAG. Then 
shall the perpendicular 
distance of D from AC 
or of E firom AB be equal 
toF. 

Draw DK and DL 
parallel to PH and AC 
respectively, and let HP 
produced meet DL in 
the point L. 

Then DH is a parallelogram and DK is equal to HL. 

Because DL is parallel to AC and LPH is perpendicular 
to AC, therefore PL is perpendicular to DL. 

Because DL is parallel to AC therefore PDL is equal to 
AED, and therefore also to ADP, 

therefore in the triangles PDG and PDL the angles at D 

are equal, and the angles at G and L are equal, being right 

angles, and the side PD is common, 

therefore PL is equal to PG, 

therefore LH is equal to PG + PH, and therefore LH is 

equal to F, 

therefore also DK is equal to F. 

And it may be easily proved that if P be not in DE, the 
sura of the perpendiculars let fall from P upon AB and AC 
cannot be equal to F. 

Examples. 

1. Find the locus of a point which is always at the same 
given distance from a given straight line. 

2. Find the locus of a point such that the differences of 
its distances from two given straight lines may be of con- 
stant length. 
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Miscellaneous Examples o 

1. Prove that the angle between the bisectors of two 
consecutive angles of a quadrilateral is equal to lialf the sum 
of its other two angles. 

2. Prove that the sura of the distances of any point 
taken within an equilateral triangle from the three sides is 
the same whereon the point may be. Investigate the case 
in which the point is witliout the triangle. 

3. AD and BC are two parallel straight lines cut 
obliquely by AB and perpendicularly by AC, and the straight 
line BED is drawn between them, cutting AC in E, so 
that ED is equal to twice AB. Prove chat the angle DBC 
is one third of ABC. 

4. On the side AB of the triangle ABC take AD equal 
to AC, produce BA and take AE equal to AC, then join 
the angle C to tlie points D and E. Prove that the angle 
at E is half BAG and that DCE is a right angle. 

5. Prove that the point of intersection of the straight 
lines joining the middle points of opposite sides of any 
quadrilateral is the middle of the straight line joining the 
middle points of the diagonals. 

6. ABC is a triangle right-angled at A, and ABDM and 
ACEN are squares upon AB and AC respectively. From 
the points D and E perpendiculars DF and EG are drawn 
to the hypothenuse BC produced. Prove that the hypo- 
thenuse BC is equal to the sum of the perpendiculars DF 
and EG. 

7. In every trapezoid the middle points of the two 
non-parallel sides and of the two diagonals are on one 
straight line which, parallel to the other two sides and 
the distance between the two extreme points, is equal to half 
the sum of these sides and the distance between the inter- 

medjAte points to half their difference. 
& -ftpw th&t ^ a ball lying on a TecteagiW ^atiai^ 1 
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table be set in motion in a direction parallel to one of the 
diagonals of the table, it will, after rebounding from each 
cushion in succession, return to the point of departure, and 
that the path described by it will be equal to the sum of 
the diagonals of the table. 

9. If on the sides of a square ABCD any foin* points 
E, F, G, and H be taken, one on each side, so that 
AE = BF = CG = DH, prove that EFGH will also be a 
square. • 

10. If through any point on the base of an isosceles tri- 
angle parallels be drawn to the other two sides, prove 
that the parallelogram so formed will have the same peri- 
meter wherever the point may be situated. 
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OA' TI/E CIRCLE. 
Section I Miscellaneous Propositions. 

DEFINITIONS. 

35, — The locus of a point which is always in one plane 
and at the same given distance from a given point in that 
plane is a drck; the given point is called the centre, and the 
given distance is called the radius of the circle, 

36. — The portion of the circle between any two points 
upon it is called an arc of the circle, and the straight line 
joining the two points is called the chord of the arc. 

N.B.— The line forming the locus is sometimes called 
the circumference of the circle and sometimes the circle, 

PROPOSITION I. 

A circle is a finite closed figure, suck that every point in the 
plane of the circle ■wliose distance from the centre is less than 
the radius of the circle is situated within the circle; and every 
point in the plane of the circle whose distance from the centre 
is greater than the radius of the circle is situated without the 
circle. 

Let A be the centre of any given circle. 

Draw the indefinite straight line AB terminated at A, but 
unlimited towards B. 

Because AB is a straight line of indefinite length, there- 
fore it is always possible to find a point P upon AB, such 
tli3t AJ' is equal to the radius of the dtde. 
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Also eveiy point on AB between P and B is at a distance 
from A greater than the 
ladius of the circle ; and 
every point on AB be- 
tween A and P is at 
a distance from A less 
than the ladius of the 
drcle. 

Therefore every in- 
definite straight Une 

drawn from A meets the circle in one point, and one pomt 
only. 

Therefore the circle is a finite dosed figure, such that 
every point in the plane of the circle whose distance from 
A is less than the radius of the circle is situated within the 
drcle ; and every point in the plane of the circle whose 
distance from A is greater than the radius of the circle is 
fiitu&ted without the circle. 



PROPOSITION z. 

Two circles which have the same eeritre and one point i. 
common must coincide in every poitit. 

Let, if possible, AB and AC be non- coincident arcs c 
two cirdes having the same centre D and the point 
mon to both. 

Draw any straight line through D, meet- 
ing these arcs in B and C, and join DA. 

Because D is the centre of the circle 
of which AB is an arc, therefore DA is 
equal to DB. 

Similarly, DA is equal to DC, 

therefore DB is equal to DC, 
whidi is impossibV^. 
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PROPOSITION 3. 

If the ferpendtmlar drawn to any indefinite straight line 
from the ant re of a given arcle be Jess than tiu raitius of the 
circle, this siraig/ii line shall meet the circle in two points, 
and two points only, and these points shall be equidistant from 
the fool of the aforesaid perpendicular. 

Let C be the centre of the circle GEF, and let AB be an 
indefinite straight Ime such that CD the perpendicular 

Fig- 3- 




drawn from C to AB is less than the radius of GEF, then 
AB shall meet GEF in two points, and two points only, 
equidistant &om D. 

Because DB is an indefinite straight line, therefore it is 
always possible to find a point H in DB such thai DH is 
equal to the radius of the circle GEF. 
Join CH. 

Because CDH is a right angle, therefore CH is greater 
than DH (Bk. I. Prop. 15), 

therefore CH is greater than the radius of the circle GEF, 
therefore the point H is situated without the circle GEF 

(Bk. II. Prop. i). 

Again, because CD is less than the radius of the circle 

GEF, therefore the point D is situated within the circle 

GEF. 

Because the circle GEF is a finite closed figure, therefore 

fAe str^iffbt line DH wliich joins tbe-ynifl. D ^within ligg j 
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dicle and the point H without it, must meet the circle GEF 
in some point F between D and H. 

Join CF. Then CF is equal to the radius of the circle 
GEF. 

Because a straight line drawn from C to any point in AB 
between D and F is less than CF, and a straight line drawn 
from C to any point in AB to the right of F is greater than 
CF {Bk. I. Prop. 15), 

therefore the straight line AB cannot meet the circle in any 
point to the right of D except the point F. 

Similarly it may be proved that the straight line AB meets 
the circle in one point, as G to the left of D, and in no other 
point to the left of D except the point G. 

Join CO. 

Because the two right-angled triangles CGD and CFD 
have the hypothenuses CG and CF equal to one another, 
and the side CD common to both, 

therefore the remaining sides GD and DF are equal 
(Bk. I. Prop. 16), 
therefore the straight line AB meets the circle in two points, 
and two points only, equidistant from the point D. 

Corollary i. — It follows from the reasoning of this propo- 
sition that, if the length of the perpendicular drawn to any 
indefinite straight line from the centre of a given circle be 
equal to the radius of the circle, the straight line will meet 
the circle in the foot of the perpendicular so dra^vn, and in 
Ml? other point; and also that if the length of this perpen- 
dicular be greater than the radius of the circle, the straight 
line cannot meet the circle in any point whatever. 

Corollary 2. — A straight line cannot cut a circle in more 
points than two. 

Corollary 3. — Every chord of a circle is bisected in the 
foot of the perpendicular drawn to this chord from the 
centre of the circle, and the line drawn through the middle 
point of any chord of a circle perpendicular to this chcrd 
s through the centre of the circle. 
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DEFINITIONS. 

37. — If two circular arcs can be applied to one another 

in such a manner that every point of each of them coincides 

with some point of the other, they are said to be equal to 

one another. 

38. — A straight line drawn through the centre of a circle, 
and having each extremity situated upon the circle, is called 
of the circle. 



PROPOSITION 4, 
Every diameter of a circle divides the circle into two equal 
parts and is greater than any chord not passing through the 
tenlre of the circle. 

Let ADE be a circle of which C is the centre and AB 
any diameter, 
'^' *■ Take any point D in the circle 

and join AD. 

Then AB shall divide the circle 
into two equal parts, and shall be 
greater than any chord as AD not 
passing through the centre. 

Let the plane containing the arc 
ADB be turned round AB until it 
coincides with the portion of the 
same plane below AB. 

Then the arcs ADB and AEB shall coincide throughout 
For if not, there would be two non-coincident circular 
arcs having the same centre C and one point as A or B 
common to both, which is impossible. 

Therefore the arcs ADB and AEB coincide throughout, 
and therefore they are equal to one another (Definition 37). 
Again, if CD be joined, AC + CD will be greater than AD. 
But CD is equal to CB, 

therefore AC + CB is greater than AD, 
that is, AB is grealet Uian AD. 
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DEFINITION. 

39. — Every chord not passing through the centre divides 
the circumference into two arcs, one less than a semicircle, 
and called the minor arc, the other greater than a semicircle, 
and called the major arc j these arcs are also called segments, 
and the angle between the two straight lines drawn from 
any point of a segment to its extremities is called an angle 
in Ih-it s^ment. 



1. Two equal straight lines are drawn from a given point 
to the circumference of a circle. Prove that the straight 
line bisecting the angle between them, produced if neces- 
sary, passes through the centre of the circle whether the 
point be without, within, or upon the circle, 

2. Prove that the middle points of a set of parallel straight 
lines, in a circle, all lie on one straight line passing through 
the centre, and perpendicular to each of the set of parallel 
straiglit lines. 

3. Prove that straight lines joining the extremities of 
parallel chords in a segment are equal to each other : ist 
when they join them towards the same parts ; and when 
they join them towards opposite parts. 

4. A straight line in the interior of two concentric circles 
is produced both ways to cut the exterior circle ; prove 
that the parts of this line, intercepted between the two 
circles, are equal to each other. 

5. Prove that the shortest and the longest distances from 
a given point to a circle lie on the line joining that point 
with the centre of the circle, or on that line produced, 
whether the point be within or without the circle. 

6. Ifa point be taken within a circle which is not the 
centre and straight lines be drawn from v'm^ ^\W.Vi'iia. 
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circumference, prove thai of these lines one nearer to the 
shortest line drawn from tlie given point to the circureiference 
is smaller than one more remote. 



rilOPOSlTION 5, 

A circle can always be described so as to pass Ihrougli tkr, 
points, not in the same straight line, and only one circle can 1 
so described. 

Let A, B, and C, be tJiree points not in the same straight 
line, then one circle, and only one, can always be described 
so as to pass through the points A, E, and C. 

Join AB and BC, bisect these 
lines in D and E, and through D 
and E draw DF and EF, at right 
angles to AB and BC ; then these 
lines must intersect, by Prop. 
Bk. I. 

Because DF bisects AB at right 

angles, therefore every point i 

is equidistant from A and B. 

Similarly, every point in I 

equidistant from B and C ; therefore F, the point of 

section of DF and EF, is equidistant from each of the 

points A, B, and C, and therefore these points are situated 

on a circle of which F is the centre, or a circle may be 

described passing through A, B, and C. 

Again, only one circle can be so described. 

For if any circle pass through A and B its centre will be 

upon FD, which bisects AB at right angles (Bk. II. Prop. 3, 

Cor. 3), and therefore the centre of every circle 

through A and B is situated upon FD. 

Similarly, the centre of every circle passing through B' 
and C is situated upon EF. 
Therefore if any two circles pass through A, B, and 
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they must have the same centre, F, and they have one 
point, as A or B or C, common to both, 
therefore they must coincide throughout (Bk, II. Prop. i). 

Corollary.— Qns circle cannot cut another in more points 
than two, and the straight hne joining these two points is 
bisected at right angles by the straight line joining the 
centres of the circles. 

PROPOSITION 6. 
In equal circles, equal angles at llie centres are siibfendeJ 
by equal chords, and equal chords are sublendtd by equal 
angles at the centres.* 

Let BDC and FHG be equal circles, and BAG and FEG 
equal angles at the centres, then shall the chords BC and 





FG be equal to one another. And, conversely, if the chords 
BC and FG be equal 10 one another, the angles BAG and 
FEG at the centres shall be equal to one another. 

I. Let BAG be equal to FEG. 

Becanse in the triangles ABC and EFG tlie sides AB and 
AC are respectively equal to the sides EF and EG, and the 
included angles BAG and FEG are equal, 

therefore the third sides BC and FG are equal to one 
another (Bk. I. Prop. 5). 

I. Let BG be equal to FG. 

Grdes are called igual when they have fgiia!nii\. A circle (s 
ofien indicaled by the letter at iU centre : thos the circle of Fig. 6 would 
be called tbe circle A. 
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Because in the triangles ABC and EFG the three s 
AB, AC, and BC, are respectively equal to the three sides 
EF, EG, and FG, 

therefore the angle BAG is equal to the angle FEG 
{Bk. I. Prop. 7). 
Corollary. — If BAG and KAL be equal angles at A, 
in the same circle, the proof that BG is equal to KL ; 
and if BG and KL be equal chords in the same circle, 
the proof that BAG is equal to KAL is in all respects the 
same as that given above. 

PROPOSITION 7. 
In the same arch equal chords are equally distant from the 
centre, and chords which are equally distant from the centre 
equal to one another ; and similarly for equal circles. 

ist. Let BG and DE be two equal chords in the circle 
eis A- 

Draw AF and AG perpendicular 

to BC and DE respectively, then 

BF is equal to one half of EC, and 

DG is equal to one half of DP, (by 

Bk. II. Prop. 3, Cor. 3), 

and therefore BF is equal to DG. 

Join AB and AD. 

Because the two right-angled tri' 

angles BFA and DGA have the 

hypothenose BA and side BF of the one equal to the 

hypothenuse DA and side DG of the other, each to each, 

therefore the remaining side of the one is equal to the 

remaining side of the other {BL I. Prop. 16), 

therefore AF is equal to AG. 

and. Let AF be equal to AG, and repeat the construction. 

Because the two right-angled triangles ABF and ADG 

have the hypothenuse AB and side AE of the one equal 

to the hypothenuse AD and side AG of tlie other, 

therefore BF is equal to DG. 
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rBul BC is equal to twice BF, and DE to twice DG, 
therefore BC is equal to DE. 
The same proof applies in all respects in 
different but equal circles. 
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PROPOSITION fi. 



/« the samt circle the greener of tivo chords is nearer to 
the centre ilian the less, and a chard nearer to the centre 
is greater tlian one more remote; and similarly for equal 
circles. 

Let BC and DE be two chords in the circle BCDE, of 
which the centre is A. 

1st Let BC be greater than DE, then sliall BC be nearer 
to the centre than DE. 

Draw AF and AG perpendicular 
to BC and DE respectively, then 
EF is equal to one half of BC, and 
DG is equal to one half of DE 
(Bk. II. Prop. 3. Cor. 3}, 

therefore BF is greater than DG. 

Join AB and AD, 

Because in the two right-angled 
triangles ABF and ADG the hypo- 

thenuses are equal, and the side BF of the one ia greater 
than the side DG of the other, therefore the remaining side 
of the one is less than the remaining side of the other 
^Bk. L Prop. 17), 

therefore AF is less than AG. 

and. Let AF be less than AG, then shall BC be greater 
than DE. 

Make the same construction as before. 

Because in the two right-angled triangles, ABF and ADG 
the hypotheouses are equal, and the side AG of the one is 
-greater than the side AF of the other, therefore the n 
side DG is less than the remausmg sKdc ^Y. 
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But DE is equal to twice DG, and BC is equal to twii 
BF, 

therefore DE is less than BC. 

The same proof applies in all respects in the case of two 
different but equal circles. 



1. Prove that the shortest chord which can be drawn to a 
circle through a given point within it, is perpendicular to the 
line joining that point with the centre of the circle. 

2. Two equal chords are drawn in a circle and produced 
to the same distance beyond the circle ; if the extremities 
of the lines thus produced be joined, prove that the line 
which bisects the joining line at right angles passes through 
the centre of the circle. 

3. Through a given point within a circle two equal chords 
are drawn ; prove that the greater and lesser segments, into 
which these chords are divided, at the given point are equal 
to each other respectively. 

4. A chord, DC, is drawn in a circle and produced to A, 
so that CA is equal to the radius of the circle. If the 
diameter AEB be drawn, prove that the angle DEB is three, 
times the angle DAB, E being the centre. 



Section II. — On Angles in Circles. 

PROPOSITION 9. 

In equal eircks equal angles at the eentres are subtended by 
equal arcs, and eonversdy equal arcs subtend equal Ofigles at 
the centres. 

Let A and B be equal circles, and 

ist. Let the angles CAD and EBF at the centres be equal 
to one another, then shall the arcs CGD and EHF be 
Ij'kcwjse equal to oas another. 
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Apply the circle A to the circle B so that the point A 
coincides with the point B, and the straight line AC with the 
straight line BE. 

Fis. 9. 





Because A coincides with B, and AC coincides with and 

equal to BE, therefore the point C coincides with the 
point E. 

Because the centre A coincides with the centre B, and the 
point C vrith the point E, therefore the circles coincide in 
every point {Bk, II. Prop. 2). 

Because AC coincides with BE, and the angle CAD is 
equal to the angle EBF, therefore AD coincides with BF. 

Because A coincides with B, and AD coincides with and 
is equal to BF, therefore the point D coincides with the 
point F. 

Because the point C coincides with the point E, and the 
point D with the point F, and the circles coincide in every 
point, therefore the arc CGD is equal to the arc EHF 
<Def: 37)- 

and. Let the arc CGD be equal to the arc EHF, then 
ihall the angle CAD be equal to the angle EBF. 

Apply the circle A to the circle B so that the point A 
Mincides with the point B, and the line AC mth the line 
BE, then it may be proved as before that C coincides with 
E, and that the circles coincide in every point 

Because C coincides with E, and the arc CGD coincides 
irith and is equal to the arc EHF, therefore \iv& i^\tft. "^ 
with the point F, 
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Because A coincides with B, and D with F, therefore 

straight line AD coincides with the straight line BF. 

Because AC coincides with BE, and AD with BF, there- 
fore the angle CAD coincides with and is equal to the angle 
EBF. 

Corollary i.— If the angles CAD ant! KAL at the centre 
of the same circle A be equal to each other, each of the arcs 
CGD and KDL may be proved to be equal to the arc EHF, 
and therefore to be equal to one another. 

Similarly, if the arcs CGD and KDL of die same circle A 
be equal to each other, each of the angles CAD and KAL 
may be proved to be equal to the angle EBF, and therefore 
to be equal to each other. 

Corollary 2. — It follows from this Proposition and Pro-- 
position 6, that in equal circles equal arcs axe subtended by 
equal chords, and equal chords by equal arcs. 

PROPOSITION 10. 
// an angle at the centre of a circle, and an angle at the cir- 
cumference, be subtended by the same arc, the angle at t/ie centre 
shall be double of thai at the circumference. 

Let ABC be a circle and ita centre, and let BOC be an 

angle at the centre O, and BAG an angle at the point A of 

Fig. 10. Fig. ti 





the circumference, subtended by the same arc BDC, thea 
5haJl the angle BOC be double of the angle BAG. 
Join AO, and produce it to meel ftvc oicmofe] 
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P Firsts let B and C lie on opposite sides of AE, as in 
[ Fig. 10. 

I Because AO is equal to BO, the angle OAB is equal to the 

angle OBA, and therefore OAB+OBA is double of OAB. 

Because the side AO of the triangle AOB is produced to 
E, the exterior angle BOB is equal to OAB + OBA, 
therefore EOB is double of OAB. 
Similarly, EOC is double of OAC, 

therefore EOB + EOC is double of OAB+OAC, 
that is, BOC is double of BAG. 

(Next, let B and C lie on the same side of AE, as in Fig. 1 1, 
It may be proved as before that 
EOB is double of OAB, 
and that EOC is double of OAC, 
therefore EOC- EOB is double of OAC ~ OAB, 
that is, BOC is double of BAC. 
Corollary. — If one of the equal sides of an isosceles tri- 
angle be produced through the vertex, the exterior angle is 
double of either of the interior non-adjacent angles. 

PROPOSITION II. 
T/ie angks in tlie same segment of a circle are equal to one 



another. 

Let BAC and BDC be angles in the 
Fig. 



same segment of the 
Fig. 13- 




, ciicle ABC, cut off by the chord EC, iheu ^.'aaiS. xVt ■MS'^t 
Jto ^& angle BDC. 
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First let the segmetit BADC be greater than a semidrcl^ 
as in Fig. iz. 

Because the two angles, viz. BOC at the centre and BAG 
at the circumference of the circle O, are subtended by the 
same arc BGC, therefore the angle BOC is double of the 
angle BAG. 

For the same reason the angle BOG is double of the angle 
EDC. 

therefore the angle BAG is equal to the angle BDG. 

Next, let BADG be less than a semicircle, as in Fig. i; 

Join AO, and produce it to meet the circumference in 

Because AE is a diameter, therefore BAG E is greater 
than a semicircle, and therefore the angle BAE is equal to 
the angle BDE by the first part of this proposition. 

Similarly, the angle EAG is equal to the angle EDG, 

therefore BAE+EAC is equal to BDE + EDC, 

that is, the angle BAG is equal to the angle BDG. 

PROPOSITION 12. 
The angles in the major and minor segments of a circle, cut 
off by the same chord, are together equal to two right angle 

Let BAG and BDG be two angles in the major and minor 
segments respectively of the circle ABG, cut off by the same 
chord EG, then shall BAG, togeth< 
'■' with BDG, be equal to two right 

Join AD. 

Because BDA and BCA are 
angles in the same segment of the 
circle AGDB, therefore they are 
equal to one another. 

Similarly, the angles ADC and 
ABC are equal to one another. 
cherefore BDA+ADC is equal to ACB + ABC; 
that is, BDC is eqaallo ACB-yABC, 
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lerefore BDC + BAC is equal to ACB+ABC + BAC, 

therefore BDC + BAC is equal to two right angles 

(Bk. I. Prop. S3). 

PROPOSITION 13. 

77ie angle in a semicircle is a right angle, and the angle in a 
segment greater thati a semicircle is less than a r^ht angle, and 
the angle in a segment less than a semicircle is greater than a 
right angle. 

Let ABDC be a circle and BC its diameter, and therefore 
BAG a semicircle, then shall the 
angle BAG be a right angle. 

Let O be the centre of the circle 
and join OA. 

Because OA is equal to OB, 
therefore the angle GAB is equal 
to half the angle AOC (Bk. II. 
Prop, 10, Cor.). 

Similarly, the angle OAC is equal 
to half the angle AOB, 

therefore OAB+OAC is half of AOC + AOB. 

But OAB + OAC is equal to BAC, 
and AOC+AOB is equal to two right angles (Bk. I. 
Prop. 1 1), therefore B.\C is equal to one right angle. 

Again, because BAG+ABC is less than two right angles 
(Bk. 1. Prop. 14), and BAG is one right angle, 

therefore ABC is less than one right angle, 

therefore the angle ABC in the segment ABDC greater than 

a semicircle is less than a right angle. 

Because the angles in any major and minor segments cut 
off by the same chord are together equal to two right angles. 

And because the angle in any major segment has just 
been proved to be less than one right angle. 

Therefore the angle in any minor segment, that, is, kvssi'^ 
ment less than a sem icircle, is gteatei ti^aii ou&n^^ vj^i^vi. 
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Note. — By Definition lo the angle BAC is the smallest 

amount of turning about A which is required to bring either 

J., jg of the straight lines AB or AC into 

coincidence with the other line, the 

^■-■^ revolving line always remaining in 

^^.^--'''^ the same plane. 

--^'''^ - If the restriction imposed by the 

^ word smallest be removed we have a 

more general definition of an angle which is sometimes useful, 
and with this extended definition it is easily seen that there 
are an infinite number of angles between two given straight 
lines, as AB and AC, and that it is necessary in each case 
to specify the particular mode of descriprion contemplated. 

Thus, to recur to the illustration given in the notes to the 
Introduction, suppose that AB and AC are the two hands 
of a watch, and that AB points to XII and AC to II; 
then AB may he moved into the position AC passing over 
the ten minute divisions between XII and II, and the 
angle thus described is the angle meant when the angle BAC 
is spoken of without further description. But AB may be 
also brought into the position AC by revolving in the oppo- 
site direction through the hours XI, X, S;c., thus passing 
over fifty minute divisions in its revolution from AB to AC. 
Or again, AB may be brought into the position AC by re- 
volving as in the first case from XII to II, and tlien con- 
tinuing to revolve in the same direction until it has gone 
completely round the circle and remrned to II again, thus 
passing over seventy minute divisions in its course ; and so on. 

Whenever the angle between two straight lines is mentioned 
without any fttrther specification of the way in which this 
angle is described, it is always understood, as we have said, 
that the shortest and most direct method of description is 
contemplated. Such are the angles considered in all the 
propositions hitherto proved, and such will be the angles 
which m.ty occur in any fiiture proposition unless the con. 
be expressly mentioned. 
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TTiere are, however, certain propositions concerning 
angles which are true whatever be the method of descrip- 
tion, and we proceed, by way of example, to the consideration 
of one of these propositions, premising the following defi- 
nition. 

DEFINITION. 

40. — If a point be taken within or upon the circumference 
of a circle, and a straight line be made to revolve round this 
point through any angle meeting in its revolution different 
points in succession in an arc of the circle, the angle so 
described is said to be Ike angk at that point subtended by 
that arc of the circle. 

Thus, if A be the given point within Fis- '7' 

the circle BCD, and a straight line 
revolve round A from AB to AC 
meeting successive points of the arc 
BC, the angle so described is called 
tke angle at A or t/ie angle BAC sub- 
tended by the arc BC. 

If the revolving line met successive 
points of the arc BDC the angle would 
be called tJie angle at A or the afigle BA C subtended by the 
are BDC. 

It is clear that in accordance with what has been already 
stated the angle in the first case might be equally well de- 
scribed as the angle BAC simply, but dial in the second 
case the addition of the words ' subtended by the arc BDC ' 
is absolutely necessary, 

PROPOSITION 9 A. 

In equal circles equal angles at the centres are subtended by 
equal arcs, and equal arcs are subtended by equal angles at the 
centres. 

Referring to Proposition g we \\avt aUeai-j ^a^e& '^aa^ 1 



1 




if the angles at A and B subtended by the arcs CGD and 
EHF respectively be equal to each other, then die arcs 
CGD and EHF will be also equal to one another. 




Now the angles at A and B subtended by the whole c 
cumferences are equal to one another, each of them being 
equal to fourright angles, by Bk, I. Prop, ii, Cor. 3. 

Also, the whole circumferences of the circles A and B are 
equal to one another. 

Therefore the angles at A and B subtended by the arcs 
CKD and ELF are equal to one another, and the subtending 
arcs CKD and ELF are also equal to one another. 

Therefore the proposition is true for angles greater than 
two and less than four right angles. 

Also, whenever the angles at the centres of the circles are 
each increased by four right angles the subtending arcs are 
each increased by a whole circumference. 

Therefore the proposition is true for angles of any mag- 
nitude whatever, 

Examples. 

I. Through a point C on a circle two straight lines ACB, 
DCE are drawn, cutting the circle in B and E : prove that 
the straight line which bisects the angles ACE, DCB meets 
the circle in a point F equidistant from B and E. 

Fim stmigbt lines AB, CD oil ant Midfeet: in the 
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point E within a given circle : prove that the sum of the 
angles, subtended at the centre by the arca AC and BD, is 
double of the angle AEC, 

3. If the point E be without the circle, prove that the 
difference of the angles, subtended at the centre by the arcs 
AC and BD, is double of the angle AEC. 

4. A circle is drawn circumscribing a given equilateral 
triangle : prove that the sum of the distances of any point 
on this circle from the two nearer angles is equal to the 
distance of that point from the remaining angle. 

5. Of all the triangles on the same base, and between the 
same parallels, the isosceles triangle is that which has the 
greatest vertical angle. 

6. From the angles A, B, and C of a triangle ABC per- 
pendiculars AD, BE, and CF are drawn to the opposite 
sides, and the triangle DBF is formed : prove that the 
angles of this triangle at D, E, and F are bisected by AD, 
BE and CF respectively. 

7. ABCD is a quadrilateral figure inscribed in a circle, 
and O is tlie point of intersection of its diagonals ; through 
O a chord EOF is drawn, such tliat O is its middie point. 
Prove that O is also the middle point of the part of this 
chord intercepted between any two opposite sides of the 
quadrilateral. 



Section III. — On the Contact of Straight Lines 
AND Circles with Circles. 

AtJfe— Let FBG be a circle, A its centre, and AB any 

In AB take any number of points as C, D, E^ &:c., and 
through these points draw straight lines perpendicular to 
AB and each therefore meeting the circle in two points as 
F and G, H and K, L and M, &c,, equidistant from C, D, 
E» &c (Bte. II. Prop. 3). 
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Then we know that FG is greater than HK, and HK 

greater than LM, and so on (Bk. II. Prop. 8) ; also that 

p. if the hne NBO be drawn 

p through B perpendicular to 

AB it will meet the circle in 

no point whatever besides B 

(Bk- II. Prop. 3, Cor. i). 

The straight line NBO 
whicii meets the circle A in 
the point B, and in that point 
only, is frequently defined 
as being the tangent to the 
circle A at the point B. 

A more instructive defini- 
tion of the tangent, and which 
leads, as we shall show 
(Prop. 14), to the same result, may be obtained from the 
following considerations. 

Suppose a straight line to revolve round the point B so 
as to coincide in succession with the lines HBP, LBQ, and 
so on, and therefore so as to meet the circle A in the fixed 
point B, and in a second point which is variable and which 
moves along the arc FLB from H towards B, then the 
ultimate position assumed by the moving line as the variable 
point moves up to, and ultimately coincides mth the fixed 
point B, is defined as being the tangent to the circle A at 
the point B. 

Hence we adopt the following general definition of the 
tangent to a circle at any point. 



41. — If a straight line cut a circle in two points and be 
made to revolve round one of these points until the other 
point approaches indefinitely neat to and ultimately coincides 
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Mth the first point, the line with which the moving line 
ultimately coincides is called the tangent to the circle at 
that first point. 

When a straight line meets a circle in two points it is 
called a secant to the circle at each of these points. 



PROPOSITION 14. 

The tangent to a drele at any point is perpendicular to the 
radius drawn from the centre to that point, and cannot meet the 
drde in any other point. 

Let BDKhe a circle and A the centre, and FBDG a straight 
line cutting the circle in B and some other point, as D, and 
let CBH be the ultimate 
posirion of FG, as D moves 
up to B. 

Bisect BD in E and join 
AB, AD, and AE. then AE 
is at right angles to FBDG 
(Bk. II. Prop. 3, Cor, 3). 

Because AE is always 
perpendicular to FG there- 
fore it is perpendicular to 
FG in its ultimate position. 

Because D coincides with 
B ultimately, therefore AD and AB ultimately coincide with 
each other, and therefore AE, which hes between them, must 
coincide with either of them, as AB. 

Therefore AB is perpendicular to FG in its ultimate 
position. 

Therefore AB is perpendicular to CH. 

Also, because the perpendicular distance AB of the straight 
line CH from the centre of the circle is equal to the radius 
of the circle, therefore the straight line CH cannot meet the 
drcle in any other point besides B (Bk. II, Pca^. v Cor, \\. 
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Fig. 11. 



Corollary. — If a line be drawn through any point of a 
circle perpendicular to the tangent at that point, this line 
will pass through the centre of the circle. 

PROPOSITION IS. 
The tangent at any point of a circle is parallel to the chords 
which are bisected by the radius drawn to the point of contact, 
and any pair of parallel chords in a circle cut off equal arcs. 

Let BC be a tangent, at the point A, to the circle DAE, 
whose centre is O. 

Let DE be a chord bisected 
by AO in H, then BC shall be 
parallel to DE. 

Because, OHA bisects DE, the 
angles at H are right angles (Bk. 
n. Prop. 3, Cor. 3). 

Because BAG is the tangent 
at A, the angles at A are right 
angles (Bk. II. Prop. 14). 

Therefore BC and DE are each 
of them at right angles to OA, 
Therefore BC is parallel to DE. 

Let FG be any other chord bisected by OA, then the 
arc FD shall be equal to the arc EG. 

Because the angles DOH and EOH are equal to each 

olher, as also the angles FOH and GOH, therefore the 

difference of FOH and DOH is equal to the difference of 

GOH and EOH, 

therefore FOD is equal to EGG, 

therefore the arc FD is equal to the arc EG (Bk. II. Prop. 9). 



PROPOSITION iG. 
If two circles have one point common to both, and not situated 
V f^ s/ra^Ai Une Jdning tht centres of the circles, or that lint 
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produced, then thty shall have a second point in common, and 
the distance between their centres shall be less than the sum 

\d greater than th£ different eftkeir radii. 

Let the circles, whose centres are A and B, have a point 
C conimon to both, and such that C is not situated in the 
straight line AB, or that line produced. 

Fig. 22. Fig. 23. 




Join AC, BC, and AB, and let BD be a straight line 
through B, making with AB the angle ABD, equal to the 
angle ABC on the other side of AB. Let BD meet the 
circle E in D and join AD. 

Because in the two triangles ABC and ABD the two sides 
AB and BC are respectively equal to the two sides AB and 
BD, and the included angles are equal, therefore AC is equal 
to AD, or the point D is a point on the circle A. 

But D is also a point on the circle B, 

therefore D is common to both circles. 

And because ABC is a triangle, 
therefore AB is less than AC+CB, and greater than AC-CB, 
Le. the distance between the centres is less than the sum and 
greater than the difference of the radii. 

PROPOSITION 17. 
If two circles be so situated that every point of each of tAmt 
is without the other, then the distance between the centres of the 
shall be grecUer than the sum of ih^r radii, aivd if tlte 
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circles be so situated that every point of one of them is within 
the other, then the distance between their centres shall be less 
than the difference of their radii. 

ist. Let A and B be two circles so situated that every 
point of each of them is without the other, and let AB be 







joined, then shall AB be greater than the sum of the radii of 
the two circles. 

Let the straight line AB cut the circles A and B in the 
points C and D respectively. 

Because every point of B is without A, therefore AD is 
greater than AC. 

To each of these unequal lines add DB, 

therefore AD + DB is greater than AC + DB j 
that is, AB is greater than the sum of the ladii of A and B. 
2nd. Let A and B be two circles 
so situated that every point of one 
of them, as B, is within the other 
A, and let AB be joined as before, 
then shall the distance AB be less 
than the difference of the radii of A 
andB. 

Produce AB to meet the circles A and 
B in the points C and D respectively. 
Because every point of E is within A, therefore AD is less 
than AC. 
Frora each of the unequal lines AD and AC take the line BS, 
therefore AD - BD is less than AC - BD, 
that is, AB is less than the difference of the radii of A and 
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Note. — If the circles of Proposition 16, or one of them, 
: moved so that the distance AB is gradually increased in 
g. 22, or gradually diminished in Fig. 23, it is clear that 
the distance CD between the points of section will con- 
tinually diminish. 

When these points C and D coincide in one point, as at 
Fig. 26. Fig. 17. 




E in Figs. 26 and 27, the circles are said to touch each 
other in the point K Hence we have this general definition. 

DEFINITION. 
—If two circles cut one another and be moved in 
such a way that the two points of intersection continually 
approach each other and ultimately coincide, the circles are 
said to touch each other at the point in which these tivo 
points ultimately coincide. 

PROPOSITION iS. 

If two circles touch one another the point of contact shall 
be seated upon the straight line joining their caitres, or upon 
that line produced, and the distance between' their cattres shall 
be equal to the sum or difference of the radii. 

Let the two circles of Proposition 16, whose centres are A 
and B, be moved in such a manner that the distance CD be- 
tween their points of intersecrion C and D continually dimi- 
nishes and ultimately vanishes, then by Definition 42 the two 
drcles will touch each other in Uiat point with which C and 

ultkoaiely coincide, as in Fig. z6 01 Fig. 21 sXion^. 
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But CD is always bisected in the point in which it is met 
by AB or AB produced {Bk. II. Prop. 5. Cor.), and there- 
fore the points C and D must ultimately coincide with some 
point E in the line AB, as in Fig. z6 or Fig. 27, 

Therefore the point of contact of two circles which touch 
each other lies in the straight line joining their centres, or 
in that line produced, 

therefore if the point B be without the circle A, as in Fig. z6, 
ABis equal to AE+EB, 

and if the point B be within the circle A, as in Fig. 27, 
AB is equal to AE ~ EB. 

Or the distance between the centres is equal either to the 
sum or difference of the radii of the circles. 



PROPOSITION 19. 

If two circles touch one anol/ecr in any point tluy cannot 
have any other (ommen point. 

Let the circles A and B touch one another in the point E, 
they cannot have any other common point besides E. 




First, let the centre B be without the circle A, as in 
Fig. z8. 

Because the circles touch one another in E, therefore E 
is on the straight line AB (Bk. II. Prop. 18}. 

Let F be any point different from E situated on the circle 
B sad Join AF and FB. 
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Because AF + FB is greater than AB, take away from 
these unequals the equal lines FB and EB respectively, 
therefore AF is greater than AB ~ EB, 
that is, AF is greater than AE. 
But AE is the radius of the circle A, 

therefore F is not situated upon the circle A. 
Next, let the centre B be within the circle A, as in Fig. 29. 
Then, E must be on the straight line AB produced. 
Let F be a point on the circle B and join AF and FB. 
Because AF is less tlian AB + BF, 

and BF is equal to BE, 
therefore AF is less than AB + BE, 
that is, AF is less than AE. 
But AE is the radius of the circle A, 

therefore AF is less than the radius of A, 
therefore F is not a point on the circle A. 

CoroBarUs io Propositions 16, 17, \%,andifi. 

Corollary r, — If the distance between tlie centres of two 
circles be less than the sum and greatir than the difference of 
the radii of tlie circles, the circles must cut each other in two 
pomts, for they cannot lie without each other or one within 
the other (by Prop. 17), and they cannot touch each other 
in one point only (by Prop. 18). 

Corollary a. — If the distance between the centres be 
greater than the sum or less than the difference of the radii, 
they must lie each wholly without the otlier in the first case, 
and one within the other in the second case, for they cannot 
cut one another in two points (by Prop. 1 6), and they cannot 
touch each other in one point only (by Prop. 18). 

Corollary 3. — If the distance between the centres be egual 
to the sum or difference of the radii they must touch one 
another in one point only, for they cannot cut one another 
(by Prop. 16), and they cannot lie each without the other, or 
one within the other (by Prop, 17), 
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PROPOSITION 20. 

Two tangmls may be always drawn to a given circle, frc 
given point without it, and these tangents will be equal to each 
other, and equally inclined to the line joining the centre eftlie 
circle with the ^ven point. 

Let BCF be a circle, A its centre, and D a point without 
it, then it is always possible to draw from D two tangents to 
the circle BCF, and these tangents will be equal to each 
other in length, and equally inclined to the straight line AD. 

f"«- 30- 




Let the indefinite straight line DP revolve round D from 
the position of coincidence with DA to the position of' 
cidence with DG, at right angles to DA, and let AN be the 
perpendicular dropped from A upon DP in any position. 

When DP coincides with DA the length of AN is clearly 
zero, and when DP coincides with DG the length of AN is 
equal to AD. 

Therefore as DP revolves through a right angle the length 
of the perpendicular upon it from A increases from zero to 
AD as a limit. 

But AD is greater than the radius of the given circle. 

Therefore in some intermediate position the length of thej 
perpendicular from A upon DP must be equal to the radius/ 
of the circle. 
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Let DQ be the position of DP in this case. 
Draw AE perpendicular to DQ. 

Because AE is equal to the radius of the circle, therefore 
E is a point on the circumference. 

But QED is drawn through E at right angles to AE, 

therefore QED touches the circle, 

and it passes through D by hypothesis. 

By similar reasoning another line DF may be drawn through 

D touching tlie circle in the point F on the other side of AD. 

Then in the two right-angled triangles DEA and DFA 

we have 

AE equal to AF and die hypothenuse AD common, 

therefore the triangles are equal in al! respects, 

therefore DE is equal to DF, 

and ADE is equal to ADF. 

PROPOSITION 21. 

If a straight line toitcli a circle and from the point of amiad 
another straight line be drawn cutting the circle, the angles 
loMck the cutting line makes with the opposite parts of the 
toudiing line s/tall be equal to the angles in the alternate s^- 
ments of tie circle, 

Throvgh the point A of the circle AEC let the straight line 
EF be drawn touching the circle, -p-^ ,, 

and from A let AC be drawn cut- 
ting the circle, then shall the angles 
EAC and FAC be equal to the 
angles in the segments CDA and 
CBA respectively. 

From A draw AB at right angles to 
EF meeting the circle again in B, join 
EC, take any point D in the segment 
CDA, and join DA, DC, and DB. 

Because EF touches the circle at the point A, and AB 

at light angles to EF, 




88 Geometry, 

therefore AB coincides with the diameter of the circle pass- 
ing through the point A (Bk. II. Prop. 14, Cor^, 
therefore BCA is a semicircle. 
Because BCA is a semicircle therefore the angle ACB is 
a right angle. 

Because ACB is a nght angle therefore CBA+BAC is 
equal to a right angle, 

therefore CBA+BAC is equal to BAF, 

therefore CBA is equal to BAF-BAC, 

that is, CBA is equal to CAF, 

or CAF is equal to any angle in the segment CBA. 

Because CBA+CDA is equal to two right angles (Bk. II. 

Prop. 12), 

and also CAF+CAE is equal to two right angles (Bk. I. 

Prop. 11), 

therefore CBA+CDA is equal to CAF + CAE, 

but CBA is equal to CAF, 

therefore CDA is equal to CAE. 

Note. — Another very suggestive and instructive proof of 

the foregoing proposition may be derived from a direct 

application of the definition of the tangent. 



Fig- 3: 




Let ABC be a circle, and B and C given points on 
the circumteTence, and DAE the tangent a 
Join AB and BC, and through A dTa.w a straight line | 
APQ cutting the circle in the points "P aji4 It 
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Then the angle BCP is, by Prop. 12, the supplement I 
I of the angle BAQ. | 

Let the line AB revolve round the point A, as in Def, 
41, until it coincides with the tangent AE, then the 
angles BCP and BAP coincide, in the limit, with the angles 
EGA and BAE respectively. 

Therefore the angle BCA is the supplement of the angle 
BAE. 

That is, the angle BCA is equal to the angle BAD. 

1. Two circles cut one another in the points A and E- 
AC and AD are drawn, each touching one circle, and termi- 
nated by the other circle in the points C and D. Prove that 
the triangles ABC and ABD are equiangular to one another. 

2. On the same base and on the same side of it there are 
two segments of circles, of which ACB is a semicircle and 
ADB a quadrant Through P, any point in ADB, the line 
APQ is drawn, cutting ACB in Q, and QB is joined. Prove 
that PQ is equal to QB. 

3. ACB and ADB are two segments of circles on the 
same base AB ; AC and BC are tivo lines from A and B 
meeting at C on the segment ACB, and produced to meet 
the segment ADB in D and E respectively. Prove that 
wherever C may be the arc DE is of constant length. 

4. If two circles intersect, prove that the common chord, 
when produced, bisects each of the common tangents. 

I 5. If two circles touch each other externally, and parallel 
I diameters be drawn one to each circle, prove that the straight 
line which joins the extremities of these diameters towards 
Opposite parts passes through the point of contact. 

6. ABC is a triangle inscribed in a circle O whose centre 
is joined to the middle point D of the arc BC, and AD is 
drawn. Prove that the angle ADO is half tlie difference of 
the angles B and C. 



Fig- 32- 
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Section IV. — On Loci connected with the Circle. 

PROPOSITION 22. 

The locus of a point at wkkk a given slraighl lin£ subtends 
a given angle is two circular arcs, each passing through the 
extremities of the given line. 

Let BC be the given straight line and P a point on the 
requirerl locus, and therefore such that the angle BPC is 
equal to the given angle. 

Through the points B, P, and C, 
one, and only one, circumference 
can be drawn (Bk. II. Prop. S, 
Cor); let this be BPC. 

Because the angles in the same 
segment of a circle are equal to 
'' one another, if anypoint Q, different 
from P, be taken in the circumference BPC, the angle 
BQC will be equal to the angle BPC, 

therefore every point on the arc BPC is a point of the 

required locus. 
Again, let any other point be taken, as R, without the arc 
BPC and let S be the point in which the line BR meets this 
arc 

Then because the exterior angle of a triangle is greater 
than the interior non-adjacent angle, therefore BSC is greater 
than BRC. 

Therefore BRC is less than the given angle. 
Therefore no point above BC and without the arc BPC 
can be on the required locus. 

In hke manner, it may be shown that no point above BC 
and within the arc BPC can be on the required locus. 
Therefore no point above BC, and not situated on the arc 
BPC, can be on the requiied locus. 
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An arc equal to BPC can be described on BC and below 
BC. 

Therefore the locus in question is two circular arcs, each 
passing through B and C, 

Ccru/Zflry.— When the given angle is a right angle the 
locus is the circle of which BC is a diameter. 

PROPOSITION 23- 

Tke ioats of the middle points of equal chords in a gtz'en 
drcie is aiiether concentric circle. 

Let O be the centre of the circle. 

Let AB be one of the chords of given length, and P its 
middle point. 

Let CD be any other such chord, Fig- 33- 

and Q its middle point. 

Join OP and OQ, then these lines 
are perpendicular to AB and CD 
respectively (Bk. II. Prop. 3, Cor. 3). 

But equal chords in a circle are 
at equal distances from the centre, 
therefore OP is equal to OQ. 

Therefore the middle point of 
every chord equal to AB is on the circumference of a circle 
passing through P, and having its centre at O, and con- 
versely because lines equally distant from the centre are 
equal, it follows that all points on this circle are middle 
points of equal chords. 

PEOPOSITION 14. 

The locus of the middle points of all chords drawn through a 
gioen point in the circumference of a given circle is a circle 
passing through the ^ven point and having the radius of the 
given circle to the given point for a diameter. 

Let APB be the given circle, C the centre, and A the 
^veo point on the dicumfeience. 
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Let AP be any chord through A. 
join CQ. 



Bisect AP in Q and 




AC is equal to CP, therefore ACP 
is an isosceles triangle, and therefore 
CQ, the hne joining the vertex ivith 
the bisection of the base, is per- 
pendicular to A P. 

Therefore the locus of Q is the 
locus of a point at which a given 
straight hne AC subtends a right 
angle. 

Therefore the locus of Q is the circle of which AC is 
the diameter (Bk. II. Prop. 22, Cor.). 



1. A straight line of constant length is always parallel to 
a given line, and one of its extremities describes a given 
circumference. Prove that the locus of the other extremity 
is a circle whose centre is in the given line. 

2. Prove that the locus of the middle points of all the 
straight lines drawn from a given point to a given drcle " 
another circle. 

3. Prove that the locus of the middle points of all chords 
to a circle drawn through a given point is another circle. 

4. A ladder is raised gradually against a wall ; prove that 
the locus of the middle point is a circle ; find its centre 
and radius. 

5. A circle rolls within another fixed circle whose radius 
is equal to its own diameter. Prove that the locus of 
point on the circumference of the rolling circle is a diameter 
of the fixed circle. 

6. Prove that the locus of the middle point of a straight 
line, which moves in such a way that the sum of the per- 
pendiculars upon it from two fixed points is constant, is a 

circle, and Snd the centre of lh\s dids. 



I 
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7. Through one extremity of the diameter of a semicircle 
hnes are drawn and produced beyond the semicircle, so that 
the part produced is equal to the chord joining the point of 
intersection of the line and semicircle with the other ex- 
tremity of the diameter. Find the locus of the extremities 
of the parts so produced. 

Note. — When we speak of one straight line as being equal 
to another, or, more accurately, as being equal in length to 
another, we have a very exact and precise idea of what is 
meant, viz. that the one line can be applied to the other so 
that the extremities and every intermediate point of the one 
may coincide with the extremities and some intermediate 
point of the other. So, agam, when we speak of one ciroilar 
arc as being equal to another circular arc of equal radius, we 
mean that the one arc can be apphed to the other, so that 
the extremities and every intermediate point of the one may 
coincide with the extremities and some intermediate point 
of the other. But our ideas of equality of length are not 
confined to lines which may be superposed upon one another 
in this manner, and in practice we speak familiarly of the 
lengths of curves or of circular arcs, meaning thereby the 
lengths of straight lines equal in length to these curves or 
circular arcs, although a straight line and the arc of a circle 
cannot of course be superposed one upon the other. It is 
well therefore to have an accurate definition of the length of 
a curved line, which we will now proceed to investigate. 

If a circle be made to roll along a straight line, as the 
wheel of a coach rolls along a road, every point of the circle 
in each revolution will coincide in succession with every 
point of the straight line lying between the first and last 
points of contact, and the length of the straight line between 
these points is said to be the length of the circle, or of the 
circumference of the circle. In the same way, if the length 
of the line be measured before the circle has made a com- 
plete revolution — thai is, before the point of die circle first 
o£ all in contact with the line is bioag^a Vuuq wwts.<3.^!aE«»i 
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with a point of the hue again — the length of this smaller line 
is called the length of the arc of the circle between the 
points of such first and last contact with the line. 

In this motion it is supposed that no point of the circle 
slides along any portion of the line, but that successive 
points of the circle are brought into contact successively 
with fresh points of the line, and that fresh points of the 
line are brought into contact successively with fresh points 
of the circle. 

It is clear that the straight line may be supposed to roll 
on the circle as well as the circle on the straight line. 

Hence we have this general definition, not only apphcable 
to a circle or circular arc, but to any curved line, viz. : 

DEFINITION. 
43, — If a straight line be made to roll upon a curved line, 
the length of the straight line between its first and last points 
of contact with the curved Une, is defined to be the length 
of the curved line between its first and last points of contact 
Avith the straight line. 

Fig- 35' Again, suppose AB 

to be a curved line, 
and C, D, E, &a, suc- 
cessive points upon 
it, intermediate be- 
tween A and B, and 
let the chords AC, 
CD, DE, &c, be 

Let AH be any in- 
definite straight line, 
and let one of its ex- 
tremities be made to 
coincide with the point A, the line itself coinciding with 
AC produced. 
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Let the straight line AH revolve about the point C until 
it coincides with CD, and let d be the point of AH which 
coincides with the point D in this position. 

Again, let AH revolve about D or rf until it coincides 
with DE, and let e be the point upon it which coincides 
with E in this position ; and so on. 

It is clear that if H be the point with which B coincides 
in the final position of the line, AH will be equal to the 
sum of the lengths of the chords AC, CD, DE, &c. 

Now let the number of intermediate points C, D, E, &c., 
be indefinitely increased, and let the distance between each 
successive pair of points be indefinitely diminished, then' 
since this may be done without limit it follows that ulli- 
maieiy there will be no point on the curved line AB which 
is not brought into coincidence with some point on the 
movable straight line in the manner described on page 93, 
and therefore if K be that point upon the straight line which 
ultimately coincides with the point B of the curve it follows 
that the length of AK will be the length of the curve AB. 

Therefore the length of the curved line AB will be the 
same as the sura of the lengths of the chords AC, CD, &c., 
when the number of these chords is indefinitely increased 
and the length of each is indefinitely diminished ; whence we 
have diis proposition. 

If a series of points be taken between the first and last points 
on any finite curved line, and the (herds between eaeh pair of 
^ifUs in succession be drawn, and if the number of sucA points 
be indefinitely increased and t/ie length of eaeh chord be indefi. 
nitely diminished, t/ie ultimate sum of tlu lengtlis of these 
chords is the length of the airved line. 
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PROBLEMS OF CONSTRUCTION CONNECTED WITH 
THE STRAIGHT LINE AND CIRCLE, 

Our investigations hitherto have been purely theordical, 
and have been confined to the demonstration of certain 
properties of figures, assumed to exist, satisfying certain pro- 
posed conditions. Such investigations are called theorems. 
We now pass to the more practical portion of the subject, 
that is to say, the determination of methods by means of 
which such figures are to be drawn, or rather approximately 
drawn, for, owing to the imperfection of our instruments, 
the ideal state contemplated in theoretical geometry cannot 
be attained by them. 

Many instruments have been invented by means of which 
certain constructions can be effected, such as squares, paial- 
lei rulers, elliptic compasses, graduated sectors of circle^ 
and so forth ; but in elementary geometry we suppose our- 
selves confined to the use of a ruler, by means of which 
straight lines may be drawn from one point to another, or 
given lines may be produced if necessary, and compasses, by 
means of which distances may be measured off from given 
larger lines equal to given smaller lines, and circles may 
be described round given points as centres, and having; 
lines of given length for their radii. 

' The determination of the method of constructing a given 
figure with given instruments is called a problem, and fiie 
solution of a problem requires us to show hew the required 
construction can be effected by the use of these instra- 
ments, and to ^reve that the construction so effected is 
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In solving a problem, as in investigating a locus, it will 
generally be most convenient to assume the thing done and 
to draw a figure assumed to be the required figure, and then 
from theoretical geometry to deduce certain properties from 
this figure, whence the steps in the construction may be 
made evident Such a method of solution is called th'i 
attalylkal method. When, on the contrary, we do not 
assume the solution, but enunciate the steps one after the 
Other, adding step to step until we arrive at the required 
result, the method adopted is called the synihdUeU method. 
In the earlier problems which follow (viz. from Problem i 
to Problem ii inclusive), the synthetical method is adopted, 
the successive steps being almost self-evident, but in the 
later problems the analytical method has been employed. 

It is assumed here that the student is abeady familiar 
with the compasses and ruler, and the method of using 
these instruments, and it is therefore considered sufficient to 
direct that given points be joined, or given finite lines be 
produced, or given distances be measured off upon given 
fines, or circles be described with given centres and radii, 
without any fijrther description of the way in which these 
thii^ are effected, and any proposed problem is regarded 
as solved when it has been shown how the required result 
may be attained by successive steps of this nature. 



Titroiigh a givm point in a given straigftt line to drcna a 
straight lint making a given angle with the given straight line 

Let BAG be the given angle contained at the point A by 
the indefinite straight lines AB and AC. 

Let DE be the given straight line and D the given point 
in it, through which it is required to draw a line making with 
DE an angle equal to BAG. 

With centre A and any radius, describe a circle cutticg 
AE and AC in the points F and G respecUveVj, 
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With centre D and radius equal to AF, describe the circle 
KMH, cutting DE in H. 





With centre H and radius equal to the distance between 
F and G, describe the circle LMN, which will cut the circle- 
KMH in one point (as M) above DE {Bk. II. Props, 
to ig, Cor. i). 

Join DM, then DM or DM produced will be the line 
required. 

Join FG and MH. 

Because the circular arcs HM and FG have equal radii, 

and equal chords, 

therefore the angles at the centres CAB and MDEare equal 

(Bk. II. Prop. 6). 

If the circles KMH and LMN be completed there will be 
another point of intersection below DE, giving a second line 
fulfilling the conditions. 



Given three straight lines such thai any two of them art 
iggeJ her greater than the third. To construct a triangle having 
its sides respectively equal to these three g'aien lines. 

Let a, i>, and c, be the three given straight lines, such that 
any bvo of them are together greater than the third. 

It is required to construct a triangle having its 
respectively equal to a, b, and 
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Take any indefinite straight line DK, and cut off DE 
equal to a. 




With centre D and radius equal to b describe a circle, 

id with centre E and radius equal to c describe another 
circle, then these circles will cut each other in two points on 
opposite sides of DE, because DE is less than the sura 

id greater than the difference of their radii. 

Let F be one of these points, and join DF and FK 

Then DFE will be tlie triangie required. 

The proposition requires no proof 

If any one of the straight lines a, or i*, or c, were greater 
than the sum of the other two, the two circles described 

above would not cut one another and the construction 
would fail. 

Also, we know by Prop, i, Bk. I., that no triangle can be 
drawn in such a cas: satisfying the proposed conditions. 



PROBLEM 3. 

Gtven two finite straight lines and an angle. To constrva 

a triangle Aaving two of its sides respectively equal to the tivo 

given straig/d lines, and the angle included by these sides equal 

to the given angle. 

Let a and b be the two given straight lines, and C the given 
angle. 

It is required to construct a triangle having two of its sides 
equal to a and b respectively, and the augl_e included by 
^dea equal to the angle C. 
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Draw two indefinite straight lines, DE and DF, inclined 
to each Other at the angle EDF equal to C (Prob. i). 



Cut off DG and DH equal to a and b respectively. 
Join GH, then DGH is the triangle required. 
The proposition requires no p-oof. 

PROBLEM 4. 

Gk'm a straight line and two angles. To consintd a triangle 
having one of its siiies equal to the given line, and the angles 
at the extremities of this side equal respectively to the two given 
angles. 

Let AB be the given straight hne, and C and D the given 
angles. It is required to construct a triangle having one of 



its sides equal to AB, and the angles at the extremities of 
this side equal to C and D respecrively. 

Take EF equal to AB, and through E and F draw (by 
Prob. I) EG and FH, making the angles GEF and HPf 
respectively equal to C and D, 

, If the angles C and D be together less than two 
sjigles then GEF and HFE Vii W b\so whether less 
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two right angles, and ihe lines EG and FH will meet if 
produced far enough on the side of EF on which G and 
H lie; 

let them be produced and meet in K, 
then KEF is a triangle having the angles at E and F 
equal to the angles C and D respectively and the side 
EF equal to AB. 
There is no limit to the possibility of this construction, 
except that the sum of the given angles be less than [wo 
right angles, as mentioned above. 

PROBLEM 5. 

Given two straight lines and an angle. To construct a iri- 

'gle having two of its sides respectively equal to the two giveit 

Its, and the angle opposite to one of these sides equal to the 
given angle. 

t a and b be the given straight lines, and C the given 
angle. 

it is required to construct a triangle having two of its sides 
respectively equal to a and b, and the angle opposite to one 
of these sides as a equal to the angle C. 

Take an indefinite straight line DE, and through any 
point D in DE draw the indefinite straight line DF, making 
the angle FDE equal to C. 

~ om DF cut off DG equal to li, and from G draw GH 
perpendicular to DE or DE produced. 

With centre G and radius equal to a describe a circle, this 
circle will meet DE, or DE produced, in two points K and 
L equidistant from H, or in the single point H, or in no 
point whatever, according as a is greater than, equal to, or 
' is than GH (Bk. 11. Prop. 3). 

Join GK and GL. 

Then one or both of the triangles GDK and GDL on the 
first supposition, or the triangle GDH on the second suij\jo- 
Vition, may satisfy the given condiUons, aiiA oti "fee. 'i\\-i&. 

I 
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supposition no triangle whatever can be found satisfying ^ 
these conditions. 

The different cases which may occur are represented in 
the following eight figures, wherein in a, /3, y, and I the given 
angle is acute, and in a', /3', y', and S' this angle is obtuse. 




It is clear that the conditions mil be satisfied by the tri- 
angle GDH of {/3), either of the triangles GDK and GDL of 
(7), and the triangle GDL alone of (3) and (3'). 

In (y) GK is less than GD and greater than GH, i.e. a is 
less than b and greater than GH, 

therefore if the given angle be acute, and the given side 
opposite to the given angle be less than the given side con- 
taining that angle, there may be two triangles, and there 
may be none at all. 

And, similarly, from (c) and {h') we see that, whether the 
given angle be acute or obtuse, if the given side opposite to 
that angle be greater than the given side containing it, 
there must be one triangle, and only one. 
Ce^e/Zary, — It appears from case t^^ &5A \hft trian^es I 
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5lt and DGL have the two sides DG and GK of the one 
equal respectively to the two sides DG and GL of the other, 
and the angle opposite to the side GK of the one equal to 
the angle opposite to the side GL of the other ; but that the 
angle opposite to the other side GD is obtuse in the one of 
these triangles and acute in the other, therefore 

If two triangles have two sides of the one equal to the two sides 
of the ether, each to each, and the angle opposite to one of these 
sides of the one equal to the at^le opposite to the side equal to ii 
of the other, tlun the two triatigles will be in all their parts 
eqval provided the angles opposite to the other two equal sides 
in eaeh be both acute or both obtuse {Bk. I. page 46). 

PROBLEM 6. 

T7irough a given point to draw a straight line parallel to a 
given straight line. 

Let A be the given point, and BC the given straight line. 
It is required to draw through A a straight line parallel 
toBC. 

Take any point D in BC ; Fig. 6. 

join AD, and through A draw _^ Z 

EA, making the angle EAD y^ 

equal to the angle ADC, and ^ 

produce EA to F. Then EF " " '-■ 

shall be the line required. 

Because AD cuts the two straight lines EF and BC, and 
makes the alternate angles EAD and ADC equal to one 
another ; therefore EF is parallel to BC, and it is drawn 
through the given point A. 

PROBLEM 7. 
From a giveti point in a given siraiglU line to draw c 
straight line at right angles to the given straight line. 

Let AB be the given straight line, and E the given point 
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It is required to draw from E a 
angles to AB. 



straight line at right 



Fig. 7- 




Take two points C and D in 
AB, etiuidistant from E. 

With centre C and radius CD 
describe a circle. 

With centre D and radius DC 
describe a circle. 

These circles will cut oi 
* "^ ^ ^ B other on opposite sides of AB, 

because the <listarce between their centres is less than the 
sum and greater than the difference of their radii. 

Let F be the point of intersection above AB, and join EF; 

then EF shall be at right angles to AB ; 

join CF and DF. 

Because, in the triangles CEF and DEF, the three sides 

CE, EF, and CF, are respectively equal to the three sides 

DE, EF, and DF ; 

therefore the angle CEF is equal to the angle DEF 

(Bk. I. Prop. 7); 

therefore EF is at right angles to AB, 

If E be joined with the point of intersection of the circles 

bcloia AB it may be proved, as above, that the line so drawn 

will be also at right angles to AB. 

PROBLEM S. 
To bisect a given finite straight lint. 
Let AE be the given finite straight line. 
It is required to bisect AB, 

With centre A and radius AB describe the circle 
CBD. 

And ttith centre B and radius BA describe the circle 
CAD. 
These two circles must intersect in two points on opposite 
sidQs of AS, because the distance bcWatn. their centres.S| 
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less than the sum and greater than the difference of their 
radii. 

Let these points of intersection be Fig. 3, 

Cand D. 

Join CD, and let CD cut AB in E, 
then E is the point of bisection 
of AB. 

Join AC, CB, BD, and DA. 

Because AC is equal to BC, 
therefore C is a point in the line 
bisecting AB at right angles. (Bk, I, 
sec. \. note.) 

Similarly, D is a point in the same 
line, 

therefore CD bisects AB at right angles {Ax. a), 
therefore AB is bisected in the point E. 



To bisect a given angle. 

Let BAC be the given angle. 

It is required to bisect BAC. 

Take D and E in AB and AC, equally distant from A. 

With centre D and radius DE 
describe a circle. ^'S- 9- 

With centre E and radius DE 
describe a circle. 

Then these two circles must cut 
one another in two points on oppo- 
site sides of the straight line joining 
D and E. (Bk. IL Props. 16 to 19, 
Cor. 1.) 

Let F be the point of iniersec- 
I tion on the side of DE remote 
loiq A, and join AF, then AF bisects 
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Join DF and EF. 
Because in the two triangles DAF and EAF the sides DA, 
AF, and DF are respectively equal to EA, AF, and EF, 
therefore the angle DAF is equal to the angle EAF. 
(Bk. I. Prop. 7.) 



From a given pohit outside a givm straight line of indefinite 
length to draw a straig/U line perpendicular to ike given 
straight line. • 

Let AB be the given straight line, and C the given point 
without it. 

It is required to draw from C a straight line perpen- 
dicular to AB. 
^'S* '"■ Take some point D on the 

side of A B, remote from C, 
join CD, let CD meet AB in 
K, and with centre C and 
radius CD describe a circle. 

Because CD is greater than 
CK, and CK is either the 
perpendicular from C upon AB or is greater than that 
perpendicular, therefore the circle described with centre C 
and radius CD cuts the straight line AB in two points E 
and F equidistant from the foot of the perpendicular from 
C upon AB. (Bk. II. Prop. 3.) 

Therefore if the middle point G of EF be found by 
Problem 8, CG will be the perpendicular required. 



I. Given the lengths of two sides and one diagonal, re- 
quired to cowstruct the parallelogram. 
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z. Given the lengths of one side and two diagonals, re- 
quired to construct the parallelogram. 

3. Given the lengths of the two diagonals and the angle 
between them, required to construct the parallelc^am. 

4. Given the lengths of two sides and of the line from one 
of the angles to tlie middle point of the opposite side, re- 
quired to construct the triangle. 

5. Given the base, the difference of the two sides, and 
the difference of the angles at the base, required to construct 
the triangle. 

6. Given the base, the sum of the two sides, and the angle 
at the vertex, required to construct the triangle, 

7. To divide a right angle into three equal parts. 
%. To describe a square on a given straight line. 

g. From a given point outside a given straight line to 
draw a straight line, making with the given straight line an 
angle equal to a given angle. 

10. Through a given point to draw a straight line, such 
that the part of it intercepted between two parallel straight 
lines may have a given length. 

1 1. Through a given point to draw three straight lines of 
three given lengths respectively, and such that their extremi- 
ties may be upon the same straight line, and uitercept equal 
distances upon that straight line. 

12. Through a given point to draw a straight line, 
making equal angles with two given intersecting straight 

13. Construct a quadrilateral having given the four sides 
and the straight line joining the middle points of two op- 
posite sides. 

14. Draw a straight line of given length so that its ex- 
tremities may rest on two given straight lines and itself be 
parallel to a given straight line. 

iViife. ^Solutions are here given of Examples 1 1 and 1 2 in 
illustration of the analytical method referred to above, on 
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. Let a, b, and f, be the three given straight lines. 




md the given point. 



Suppose the construction completed, and that OD, OE, 
and OF are the three lines drawn through the point O as 
required, equal to a, b, and c, respectively. 

Then D. F, and E are in the same straight line, and DF is 
equal to FE. 

If OF be produced to G, so that FG is equal to OF, i 
EG and GD be joined, then the figure OEGD will be a 
parallelogram, and the triangle OGD will have its sides equal 
to o, b, and 2f, respectively, 

whence this construction. 
Construct the triangle OGD, liaving its sides equal to the 
three given lines a, b, and 2ir(BL 111. Prob. 2). 

Through G draw GE parallel to OD and through O 
draw OE parallel to GD. 
Join DE, and let DE meet 00 ii 

Fie- 12. Th^i 01^' OF, and OE are the 

„ straight lines required.* 

Ex. 12. Let AB and AC b4 
tlie two given straight lines and 
D the given point. 

Suppose the construction com 
■*■ *■ i; pietg(j_ ani that EDF is the 

straight line passing through D and making equal angles 
ivith AB and AC. 

* The problem ivill be impossible iT any one of ths three lines a 
aadae, fagreater than thcsnmatflie («h«i Wro. 
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Then AEF is an isosceles triangle, and therefore the 
straight line AG bisecting the angle BAG is perpendicular 
to EDF, 

whence this construction. 

Bisect the given angle BAG by the straight line AG. 

Through D draw DG at right angles to AG. 

Then DG produced both ways will be the line required. 

PROBLEM II. 
To find ttic caifre of a given circle or a ^vm arc of a circle. 
Let ABC be the given circle (Fig. 13) or given 
a circle (Fig. 14), 

It is required to find the centre of AUG. 



of 




Take any three points, A, B, and C, upon ABC, and join 
them by the straight lines AB and BC. 

Bisect AB and BC in D and E, and draw DF and EF 
through D and E at right angles to AB and BC respectively. 

Then from Prop. 5, Bk. II., it follows that F, the point 
of intersection of DF and EF, is the centre of every circle 
passing through the points A, B, and C. 

Therefore F is the centre of tlie given circle, or given arc 
of a circle, ABC. 

PROBLEM 13. 
To draw a laiigeiit to a given circle from a given point with- 
out it. 
LetCED be the given circle, and Bftie^\e&-^«m^^«^^ 
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out it It is required to draw from B a straight line touching 

the circle CED. 

Because it is always possible to draw two tangents to the 

Fig. 15, circle CED from the point 

B {Bk. II. Prop. 20), let 

BC he one of these. 

Find the centre A of the 
circle CED and join AC. 

Then ACB is a right 
angle (Bk. II. Prop. 14). 

Therefore if AB be bi- 
sected in F, and a circle 
ACB be described with centre F and radius AF, the point 
C will lie on the circle ACB (Bk. II. Prop. ^1, Cor.). 
Also, it lies on the circle CED ; 

whence this construction. 

Find A the centre of the given circle and join AB. 

Bisect AB in F. 

With centre F and radius FA describe the cirde CAD,, 

cutting the circle CED in two points, C and D, and join 

BC aod BD. 

Then BC and BD are tangents to the given circle from 
the point B without it. 

Proof. — Because ACB is a semicircle, therefore the angle 
ACB is a right angle (Bk. II. Prop. 13). 

Because AC is the radius to the point C on the circle 
CDE, and CB is at right angles to AC, 

therefore CB is a tangent to the circle CDE at C, 

and CB passes through B. 

If the given point is on the circle it is only necessary to 

draw the diameter through this point and at the point ti; 

draw a straight line perpendicular to this diameter. 
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PROBLEM 13. 
To inscribe a circle in a given triangle. 

Let ABC be the given triangle. 

It is required to inscribe a circle in ABC. 

If possible, let there be a circle touching the sides of the 
triangle ABC in the points ^ ,5 

D, E,andF. ' .^ 

Find G the centre of this 
circle, and join GA, GB, and 
GC. 

Because AF and AE are 
tangents to the circle from 
the external point A, there- 
fore the angles GAE and 
OAF are equal ; 

therefore AG bisects the angle BAG. 

Similarly, BG and CG bisect the angles at B and C 
respectively, 

whence this construction. 

Bisect the angles at A and B by the straight lines AG and 
BG ; these lines must meet in some point G, because GAB 
and GBA are together less than two right angles. Then G 
shall be the centre of the required circle. 

Froo/.^DTa-w GD, GE, and GF perpendicular to BC, AC, 
and AB respectively. 

In the triangles GAF and GAE, the angles at A are 
equal, and the angle at E is equal to the angle at F, each 
of them being a right angle, and the side AG is common, 
therefore GF is equal to GE, and similarly GF is equal to GD ; 
therefore GD, GE, and GF are all equal, and the circle de- 
scribed, with G as centre and one of these lines as radius, will 
pass tlirough the extremities of the other two, and will touch 
the sides BC, AC and AB in the points D, E, and F re- 
spectively since the angles at D, E, and F are right angles. 

Corallary.—The three bisectors of the angles of a triangle 
tin apoinC 
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PROBLEM 14. 

To draw a circle touching one side of a givcti triangle exter- 
nally ^ and the other two sides produced. 
I>et ABC be the given triangle. 

It is required to draw a circle touching the side BC ex- 
ternally, LE. on the side remote from A, and the sides AB 
and AC produced to Dand E. 
If possible, let F be tlie 
centre of the required circle 
and join FB and FC. 

Because BD and BC are 
tangents to the circle drawn 
from the external point B, 
therefore FB bisects the angle 
DEC. (Bk. II. Prop, zo.) 
Similarly, FC bisects the angle ECB, 

iL'hence this construction. 
Bisect the angles DEC and BCE by the lines BF and CF. 
BF and CF must meet in some point F, because FBC 
and FCB are together less than two right angles. Then F 
shall be the centre of the required cirde. 

Proof. — From F draw FG, FH, and FK perpendicular to 
BC, AE, and AD respectively. 

It may be proved, as in the last proposition, that the 
circle described with centre F, and radius equal to either 
of these perpendiculars, touches the line BC externally and 
the sides AB and AC produced. 

Corollary. — AF would bisect the angle BAC, and there- 
fore the lines bisecting one interior angle and the angles 
exterior to the two remaining angles of a triangle meet in a 
point. 

PROBLEM 15. 
To draw a straight line, cutting off from a given circU a 
s^mm/ a>riiainiiig an angle equal to a given angle. 
Let ACE be the given circle a,n4 D fee ©ven, anjgJe. 



I is required to draw a straight line, cutciug off from tlie circle 
■ ACE a segment containing an angle equal to D. 

Suppose AC to be the line required, so that the segment 
AEC contains an angle equal lo D. 

Draw AB touching the circle at A, 

Then (Bk. II. Prop, az) the angle BAC is equal to the 
angle in the segment AEC, and is therefore equal to D, 
lohmce (his censirueiion. 

Take any point A on the circumference of t!ie circle ACE, 
and through A draw AB touching the circle (Ptob. 13). 
Through the point A draw the straight line AC making the 
angle BAC equal to D. 

Then AC is a line satisfying the required condition. 
(Bk. II. Prop. 21.) 

Note. — The method of solution adopted explicitly in 
Problem S and in Problems 11 to 13, and impiieii more or 
less in all the problems of this book, is called that of l/ie 
intersection of loci, and is of great use in the solution of 
problems of construction. 

Thus in Problem 11 vie prove that the required point must 
he one of the points of the locus defined by the circle BCD 
upon AB as diameter. 

We know also that in this case the point C must be upon 
the ctrcte CDE. 

Therefore the points in which the two circles BCD and 
CDE intersect must be positions of the point icc^uei. 

I again in Problem 8, we know ftiat «sci^ ^Qxa't ^icjiv 
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distant from A and B must be situated on the straight line 
bisecting AB at right angles. 

Therefore C and D must be situated on the straight line 
bisecting AB at right angles, 

therefore the straight line CD bisects AB at right angles, 

therefore every point equidistant from A and B must be on 

the straight line CD, 

therefore E, the intersection of AB and CD, bisects AB. 



I. To describe a circle passing through two given points 
and having a given radius. 

3. To describe a circle passing through one given point, 
having a given radius, and having its centre upon a given 
straight line. 

3- Describe acircle passing through two given pointsand 
having its centre on a given straight line, or on the circum- 
ference of a given circle. 

4. Describe a circle, with given radius, passing through a 
given point, and touching a given straight line or a give* 
circumference. 

5. Describe a circle passing through a given point and 
touching two given straight lines, one of them at any point 
whatever, and the other in a certain given point upon it 

6. Describe a circle touching a given straight line, am 
touching a given circumference in a given point. 

7. Given two circles, such that one does not lie entire^ 
within the other, to draw a common tangent to these tw 
circles, 

8. Through one of the points of intersection of two give 
circles to draw a straight line, such that the parts of this lim 
intercepted by the two circles may be of equal length. 

9. Given two concentric circles, draw a straight line whi< 
shalJ be divided into three equal parts in its points of inti 

sccdoa witJs the two circles. 




DEFINITIONS. 

44, — The area of a limited surface is its extent or magni- 
tude. 

45- — Two plane figures are said to have equal areas— 

I St When they can be superposed one upon the other 
in such a way that their boundaries coincide throughout 

and. When they can be divided into the same number of 
parts, such that to every part of one of the figures there is 
a corresponding part of the second figure which can be 
superposed, as in case i, upon the corresponding part of the 
first figura 



Fig... 



Fig. J 



Fig. 3- 



Fig. ^ 



Thus, if the triangle ABC can be superposed upon the 
triangle DEF in such a manner that the boundaries of the 
two triangles coincide throughout, then the area of ABC is 
equal to that of DEF. 

Or again, if the triangles BAD and DCB, which make up 
the parallelogram ABCD. can be superposed upon the tri- 
angles EHF and EHG, which make up the triangle EFG, in 
such a manner that the boundaries of BAD and DCB coin- 
dde throughout n-ith the boundaries of EH.? w^A V>?LCm \«r 
^apectivdj', then the area of ABCD \s e(\ua\\.Q ■foRax^g.'A'g^'S*.; 



Gcortetry. 



DEFINITIONS. 



46.— When one side of a triangle, or of a parallelogram, is. 
called the base, the perpendicular upon this side from the 
opposite angle of the triangle, or from any point in 
opposite side of the parallelogram, is called the altitude. 

47. — Triangles and parallelograms are between the sams 
faraileh when their bases are in the same straight line, and 
when the line joining the vertices of the triangles, in the 
one case, or the sides of the parallelograms opposite to the 
bases, in the other case, are in a straight line parallel to the 
bases. 

Fig. 3. Fig. 5. 



Thus if AD and BF be parallel in Fig. 5, or if DCHG 
one straight line in Fig, 6, the triangles ABC and DEF, or the 
parallelograms BD and EG, are between the same parallels." 

PROPOSITION 1. 
Triangles which are equal to each other in all their partt 





* A parillelDgrani is often denoted by the letters at a pair of o 
site angular points ; tbos, the paialldogram ABCD (Fig. 6 
tbepttralleJognan DB. 
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et ABC and CEF be two triangles equal to each other 
in aJl their parts, then the area of the triangle ABC shall be 
equal to the area of the triangle DEF. 

Because the triangles ABC and DEF are equal to each 
Other in all their parts, therefore the triangle ABC can be 
apphed to the triangle DEF in such a way that each angular 
point and side of the one triangle coincides respectively with 
an angular point and side of the other triangle {Bfc. I. 
Prop. S, Cor. 2), 

TTierefore the boundaries of the two figures may be made 
to coincide throughout. 

Therefore the area of tlie triangle ABC is equal to the 
area of the triangle DEF. 

Corollary. — It follows from this Proposition, and Prop. 25, 
Bk. 1., that the two triangles into which a parallelogram is 
divided by either diagonal are equal to each other in area, 
and therefore that the area of the parallelogram is double 
of the area of either of these triangles. 

PROPOSITION 2. 

Two parallelograms which have two adjacent sides and the 
included angle of the one respectively equal to ftva adjacent sides 
and the included angle of the other are also coital in area. 
Fig. 8. 



Let ABCD and EFGH be two parallelograms which have 
the adjacent sides AB and BC and the included angle ABC 
of the one equal respectively to the adjacent sides EF and 
FG and the included angle EFG of the other, then shall the 
area of tiie parallelogram BD be equal to t1i« aica. «A ■&& 
;logram FH. 
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Join AC and EG. 

Because AB, BC and the angle ABC are respectively 
equal to EF, EG and the angle EEG, therefore the triangles 
ABC and EEG are equal to each other in all their parts. 

Therefore the area of the triangle ABC is equal to the 
area of the triangle EEG (Bk. IV. Prop. i). 

But the areas of the parallelograms BD and EH are re- 
spectively double of the areas of the triangles ABC and EEG 
(Bk. IV. Prop. I, Cor), 

Therefore the area of the parallelogram BD is equal to the 
area of the parallelogram EH. 



PROPOSITION 3. 
Circles which have equal radii are also equal in area. 

Fig. 9. 





Let A and C be the centres of two circles whose radii AB 
and CD are equal, then shall the area of the circle A be 
equal to the area of the circle C. 

Apply the circle A to the circle C, so that the points A 
and C coincide. 

Because the centres of the circles A and C coincide, and 
their radii are equal, therefore the circumferences of the 
circles coincide in every point (Bk. II. Prop. 2). 

Therefore the area of the circle A is equal to the area of 
Che circle C (Def. 45). 
0?r^//ary, — Ey similar reasoning \l ma-^ \it ^V^sswa. that in 
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equal circles the sectors corresponding to equal angles are 
equal to one another in area, 

Fig. I a 





or that if A and D be equal circles, and BAG and EDF be 
equal angles then the areas of the sectors BAG and EDF 
will be also equal 



PROPOSITION 4. 

Parallelograms upon the same base and behveen the same 
parallels are equal to one anotlier in area. 

Fig. II. Fig. 12. 

CEDP C DE P 





Let the two parallelograms GABD and EABF be upon the 
same base AB and between the same parallels AB and GF, 
then the area of the parallelogram AD shall be equal to the 
area of the parallelogram AF (Figs. 11 and 12). 

Because AG and BD are opposite sides of a parallelogram, 

therefore AG is equal to BD. 
Because GF meets the parallels AG and BD ; 
therefore the angle EGA is equal to the angle FDB. 

(Bk. I. Prop. 19.) 
Similarly the angle CEA is equal to X\ve ^jcsx^'^^^^ \ 
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Uierefore the triangles ECA and FDB are equal in all 

their parts (Bk. I. Prop. 23, Cor. and Note) ; 

therefore the area of the triangle ECA is equal to the area 

of the triangle FDB ; 

therefore the difference of the areas of the figure CABF and 

the triangle ACE is equal to the difference of the areas o^, 

the same figure CABF and the triangle BDF. 

But the difference of the areas of CABF and ACE is the 

area of the parallelogram AF, 

and the difference of the areas of CABF and BDF is the 

area of the parallelogram AD, 

tlierefore the area of the parallelogram AF is equal to the 

area of the parallelogram AD, 



PROPOSITION 5. 

Parallelograms upon equal bases and between the 
Pttralleh are equal to otu atwlfier in area. 

Let ABFE and CDHG be two parallelogratns upon equa^ 
Fig, 13. bases AB and CD' 

K K F I. G n and between 

same parallels AD 
and EH, then shalt 
the area of the paral^ 
lelogram AF be 
equal to the area of the parallelogram CH. 

Through the points A and B, draw AK and BL paralld 
to CG or DH, so that each of the figures AKLB and AKGC 
is a parallelogram. 

Because the parallelograms AF and BK are upon the 
same base and between the same parallels, therefore theE 
;ireas are equal (Bk. IV. Prop. 4). 

Because the straight Ibe AD meets the parallels AK aD( 
CG, therefore the angle KAB is equal to the angle GCIi 
(£k. L Prop. 19). 
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Because AKGC is a parallelogram, therefore AK is equal 
10 CG (Bk. I. Prop. js). 

Because the sides KA and AB and [he included angle 
KAB of Uie parallelogram KB are respectively equal to the 
sides GC and CD and the included angle GCD of the 
parallelogram GD, therefore the area, of KB is equal to the 
area of GD (Bk. IV. Prop. 2). 

But the area of KB has been proved equal to the area of 
AF, 

therefore the area of AF is equal to the area of GD. 



Triangles upon the sa 
Tt equal to one another 



PROPOSITIOM 6. 
same base anil betice. 




Let the triangles ABC and DBC be upon the same base 
BC, and between the same parallels BC and AD, then shall 
the area of the triangle ABC be equal to the area of the tri- 
angle DBC. 

Through B and C draw BE and OF parallel to AC and 
BD respectively, and meeting AD produced in the points E 
and F respectively. 

Then the figures ACBE and DBCF are parallelograms, 
and their areas are double of the areas of the triangles ABC 
and DBC respectively. 

Because the parallelograms CE and BF are upon the , 
same base anil between the same parallels, therefave. ^fcK:. 
area of CE is equal to the area ol BE 
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therefore half the area of CE is equal to half the area of BF ; 

therefore the area of the triangle ABC is equal to the area 

of the triangle DBC (Bk, IV. Prop, i. Cor.). 



PROPOSITION 7. 

Triangles upon equal bases and between ilie same parallels 
ire equal to one another in area. 

Let ABC and DEF be two triangles upon the equal bases 
Fir., ,5. BC ^nd EF, and be- 

tween the same pa- 
rallels BF and AD ' 
then shall the area 
of the triangle ABC 
be equal to the area 
of the triangle DEF. 
ind E draw CG and EH respec- 
ind DF, then the figures ABCG and 
s are double of the 



Through the point! 
lively parallel to AB 
DFEH are parallelograms, and their 
areas of the triangles ABC and DFE respectively. 

Because the parallelograms BG and FH are upbn equal 
bases and between the same parallels, therefore the area of 
BG is equal to the area of FH ; 

therefore half the area of BG is equal to half the area of FH 

therefore the area of the triangle ABC is equal to the areSj 

of the triangle DEF (Bk. IV. Prop, i, C^.). 

N.B.— Wlien two figures have equal areas they aje fire- 
quently said to be e^uaJ to one another. 

PROPOSITION 3. 

Equal triangles upon equal bases in the same straight line. 
and on the satne suU of thai line, are between the 
_^amJMs. 

Let the two equal triangles A.BC a.i\d DEF be upon tl 



W- 
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equal bases EC and EF, 
let them be situated 
on the same side of 
BF, then it AD be 
joined AD shall be 
parallel to BF. 

If AD be not pa- " *^ ^ "' 

raUel to BF draw through A the line AG parallel to BF, 
meeting ED, or ED produced, in the point G, and join GF. 

Because the triangles ABC and GEF are upon equal 
bases and between the same parallels, therefore the area of 
ABC is equal to the area of GEF. 

But the area of ABC is equal to the area of DEF, 

therefore the area of DEF is equal to the area of GEF, 

which is impossible ; 

therefore no line but AD can be parallel to BF, 

that is, AD is parallel to BF. 

It may be proved by demonstration in all respects similar 
to that in the proposition that — 

Corollary i. — Equal parallelograms upon equal bases in 
the same straight line and on the same side of that line are 
between the same parallels. 

Corollary i. — Equal triangles upon the same base aud on 
the same side of it are between the same parallels. 

Corollary 3. — Equal parallelograms upon the same base 
and upon the same side of it are between the same parallels. 

DEFINITIONS. 

48, — If a rectangle be constructed hai-ing its adjacent 
sides respectively equal to two given straight lines, the area 
of this rectangle is called the ra/o'igle contauud by these htio 
straight lines, or the rectangle of these two straight lines. 

Thus, if AB and CD be two straight hnes, and EFGH be 
a rectangle whose adjacent sides EF and EH 3.i:e tts^c- 
lively equal to AB and CD, then \he aiea ot \.VLtt -lecw-w^ 
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EFGH is called the rectangle of AB and CD, or the rectangle 

contained by AB and CD, 

Fig. 17. 



H 



B 



C 



D 



E 



a 



This is written either the rectangle AB . CD or AB . CD 
simply, 

49. — If CD were equal to AB the area of the correspond- 
ing rectangle would be called the square upon AB, or the 
square of KR, and this would be written either sq, of KB or 
AB2. 

N.B. — The term square of a line is sometimes employed 
to denote \ht figure and sometimes the area of the figure. 



PROPOSITION 9. 

The area of a parallelogram is equal to the rectangle of its 
base and altitude. 



Fig. 18. 



Fig. 19. 





Let ABCD be a parallelogram, and let DE be the 
perpendicular dropped from D upon AB or AB produced, 
then shall the area of the parallelogram ABCD be equal to 
the rectangle of AB and DE. 

Complete the rectangular parallelogram DEFC. 
Because the parallelograms AC and EC are upon the 
same base DC, and between the same parallels, therefore 
the area of AC is equal to the aiea oi l^C,. 
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But the area of EC is the rectangle of DE and DC, that 
is, of DE and AB, since AB is equal to DC, 
therefore the area of the parallelogram ABCD is equal to 

the rectangle of DE and AB, 

PROPOSITION 10. 

The area of a triangle is equal to half the rectangle of its 
base and altitude. 

Fig. 20. Fig. 21. 





tet ABC be a triangle, and let AD be the perpen* 
dicular dropped from A upon BC, Fig. 20, or BC produced. 
Fig. 21, then shall the area of ABC be equal to half the 
rectangle of BC and AD. 

Through A and C (Figs. 20 and 21) draw AE and CE 
parallel to BC and BA respectively, thus completing the 
parallelogram ABCE. 

Because BE is a parallelogram, and AC its diameter, 
therefore the area of the triangle ABC is half the area of the 
parallelogram BE. 

But the area of BE is the rectangle of BC and AD 
(Bk. IV. Prop. 9) ; 

therefore the area of ABC is half the rectangle of 

BC and AD. 

Corollary. — If a parallelogram and a triangle be upon the 
same base and between the same parallels, the area of the 
triangle will be half the area of the parallelogram. 

PROPOSITION II. 

If there he two straight lines ^ one of iwHlcli Is dlmdedVrvto 
a^j^ numl^r 0/ parts ^ the rectangle of tht two stralgKt \Vn^ 
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thail be equal to the sum of the rectangles of the undivided line, 
and ^the several parts of the divided line. 



Let AB and CD be two straight lines, and let AB be 
divided into three parts in the points E and F, then shall 
the rectangle of CD and AB be equal to the sum of the 
rectangles of CD and AE, CD and EF, and CD and FB. 

Through A draw AG at right angles to AB and equal to 
CD, and complete the rectangle AGHB. 

Through E and F draw EK and FL, at right angl< 
AB, and meeting GH in K and L. 

Then EK and FL are parallel to AG and to one 
another (Bk. I. Prop. i8, Cor.\ and therefore AK, EL 
and FH are rectangles, and each of the lines EK and FL 
is equal to AG, that is, to CD (Bk. I. Prop. 25). 

Now the area of AH is equal to the sum of the areas of 
AK, EL, and FH. 

But the area of AH is the rectangle of AG and AB, 
that is, of CD and AB. 

Similarly, the areas of AK, EL, and FH are the rectangles 
of CD and AE, CD and EF, and CD and FR 
therefore the rectangle of CD and AB is equal to the sui 
the rectangles of CD and AE, CD and EF, and 
CD and FB. 

If the number of parts were greater or less than three, a 
similar proof would apply in all respects. 

Corollary 1. — If CD were equal to AB, then the rect- 
3iig/e ofAB and CD would be equal to the square of Afe, 
^dtbe sua of the reclaims of CB, ai\i eaOa ^aA of AB, 
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would be equal to the sum of the rectangles of AE, and 
each part of AB, therefore 

If a straight line be dividfd inio any number of parts, the 
square of the whole line will be equal to the sum of the rect- 
angles of the whole line, and each of the parts. 

Corollary 2. — If AB were divided into Iwo parts only, as 
AE and EB, and if CD were equal to EB, then the rect- 
angle of AB and CD would be equal to the rectangle of 
Fig. 23. 



AB and the part EB; also the rectangle of CD and AE 
would be equal to the rectangle of the parts AE and EB, 
and the rectangle of CD and EB would be equal to the 
square of EB, therefore 

If a straight line be divided into any two parts, the rectangle 
of the whole line and mte of the parts will be equal to th£ rtet- 
imgle of the two parts, Icgether with the square of the aforesaid 
part. 

Corollary 3. — If AB were divided into l^vo equal parts in 
E, then the rectangle of CD and AB would be equal to the 
rectangle of CD and twice AE ; also the sum of the rect- 
angles of CD and AE, and of CD and EB would be equal 
to twice the rectangle of CD and AE, therefore 

The rectangle of any iwo straight lines is equal to twice the 
rectangle of one of the lines and half the other line. 

PROPOSITION 12. 

If a straight line be divided into any two parts, the square 
cf the whole line shall be equal to the sum of the squares of the 
two parts, together with twice the rectangle of those p^rts. 

Let AB be divided into two j.-;g. 24, 

parts in C, then shall the square „ 

0^^ be equal to the sma ot a.- 
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the squares of AC and CB, together with twice the rectangle 
of AC and CB. 
Because AB is divided into two parts in C, 

therefore AB^ is equa) to AB . AC+AB . CB 
(Bk. IV. Prop. 1 1, Cor. i). 
But AB . AC is equal to AC . CB + AC (Bk. IV. 
Prop. II, Cor. 2), 

and AB . CB is equal to AC . CB + CB^ (Bk. IV. 

Prop. 1 1, Cor. 2) ; 

therefore AB' is equal to AC^ + CB' + a . AC . CB. 

PROPOSITION 13. 

If a straight Urn be divided into any two farts, the square 
of one of the parts shall be less than Hie sum of the squares of 
the whole line, and of the other pari by twice the rectangle of 
the whole line and thai other part. 

Pig. ij. Let the straight line AB be 

f divided into any two parts in 

^ i " the point C,then the square of 

AC shall be less tlian the sum of the squares of AB and 
CB by twice ilie rectangle of AB and CB. 

Because AB is divided into any two parts in the point C, 
therefore AB^ is equal to AC» + CB= + 2AC . CB 
{Bk. IV. Prop. iz). 
To each of these equals add the square of CB, 
therefore AB^+CB" is equal to AC*+2CB"+2AC . CB. 
Again, because AB is divided into two parts in the point C, 
therefore AB . BC is equal to AC . CB + CB" 
{Bk. IV. Prop. II, Cor. 2), 
therefore 2 . CB^ + a . AC . CB is equal to 2 . AB . BC, 
therefore AB' + CB* is equal to ACH2 . AB . BC, 
therefore the square of AC is less than the sum of the 
squares 0/ AB and BC by twice the rectangle of AB and BC. 
-The last two propositions may be thus expressed 
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1st The square of the sum of two straight lines is greater 
than the sum of the squares of these hnes, by twice the rect- 
angle contained by these lines. 

2nd. The square of the difference of two straight lines is 
less than the sum of the squares of these Unes by twice the 
■eclangle contained by these lines. 

Note. — Hitherto we have denoted the difference between 
two magnitudes by placing the sign ~ between them ; but 
when one of the two magnitudes is hiown to be greater than 
the other, this difference is frequently denoted by means of 
the sign — instead of the sign ~, the greater of the two 
magnitudes preceding and the smaller following the sign — . 



PROPOSITION 14. 

The difference of the squares of two straight lines is equal to 
the rectangle of the sum and difference of these lines. 
Fig. 26. 



Let AB and CD be two straight lines, of which AB is the 
greater ; then shall the difference of the squares of AB and 
CD be equal to the rectangle of the sum and difference of 
AB and CD. 

Let the straight lines EF and FG be equal to AB and 
CD respectively, and let fig, 2^. 

them be placed in the same ^ ^ ^ ^ 

straight line with a common u f 

extremity at F. 

From EF cut off FH equal to CD. 

then EG is the sura and EH the difference of AB and CD, 

Because EF is divided into two parts in the point H, 

therefore EF' is equal to EH'+HF" + 2 - EH . HF, 

take away HF' from each of these equals, 

. therefore EF'-HF' is equal to E.H?-v» ."EB.."SS- 
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therefore EP-HF« is equal to EHHEH . HG 

(Bk. rV. Prop. 1 1, Cor. 3), 

therefore EF'-HF' is equal to EH . EG (Bk. IV. 

Prop. II, Cor. 2). 

Ai'Cf.— The following independent proofs of the last thret 

propositions, will afford an instructive exercise to the read< 

Let AB be a. straight line divided into two parts in 



Fig. 28. 



Upon AB describe the square 
ADEB; through C draw CHF 
parallel to AD and BE ; mark 
off BG upon BE, equal to BC, 
and through Gdraw GHK paral- 
lel to AB or DE (Fig. 2 

From the construction it re- 
sults that the four figures AH, 
HE, BH, and HD are paral- 
*' lelograms, and also that BH and 

HD are squares, they are therefore the squares of BC and 
KH,i.e. ofBCandAC. 

Also AH is the rectangle of AC and CH, i.e. of AC 
and CB. 

Similarly, HE is the rectangle of HG and GE, i.e. of CB 
and AC, 

therefore the square of AS 
is equal to the squares of J " 
and CB, together with twice 
the recUngle of AC and CB. 

Again, make the sa 
struction as in the last cas^ 
and in addition describe upon* 
FE the square FM (Fig. 29). 

Then AG and GL are, £ 
of them, the rectangle of AB 
and BC. for GM is equal to 
GE + EM, i.e. to GE+GB 
or KB. 
These demonstrations are taken ftom'^W^or;^ Gfomdr^. 



Fig. 29. 
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Also the figure ABMLFD is made up of the two figures 
AE and FM, i.e. of the nvo squares of AB and BC. 

But KF. the square of AC, is less than the area of this 
igure by the sum of the areas of AG and GL, i.e. by twice 
the rectangle of AB and BC, 

Fig- 3°- 



therefore the square of AC is less than the sum of the 

squares of AB and BC by twice the rectangle of AB 

and EC, 

Finally, let AB and BC be two straight lines, of which 
AB is the greater, and let BD be equal to BC ; then AC is 
the sum and AD the difference of AB and BC (Fig. 30). 

Upon AB describe the square AH, make AE equal to 
AD and complete the construction as in the figure, then 
KH is the square of DB, L e. the square of BC. 

The areas of the figures EL, DO, and BF are all equal, 
for they are rectangular parallelograms having their adjacent 
sides equal, each to each. 

Also, the difference of the squares of AB and BC is the 
difference of the areas of AH and KH, and therefore is 
made up of the areas of the figures AO and EL, i. e, of 
AO and BF. 

Bat the areas of AO and BF aie togetinei ggaa^'o 'Cm 



area of AF, i. e 
of AB and BC. 



Geometry. 
to the rectangle of the sura and diffftrence 1 

PROPOSITION 15. 

In every right-angled triangle, the square of tlie hypothenusA 
is equal to the sum of tfie squares of the other two sides. 

Let ABC be a right-angied triangle, of which A i 
right angle, then shall the square of BC be equal to thai 
sum of the squares of AB and AC, 




Produce CA and BA to E and G respectively, so t 
AE may be equal to AB, and AG to AC, then each of tl 
angles BAE and CAG will be a right angle, because t 
angle BAC, adjacent to each of tJiein, is a right angle. 

Complete the parallelogranis AD and AF, which will b 

the squares described on AB and AC respectively, and uptM 

-BC describe the square BHKC. 

foin AH and DC, and through A draw AL j 

toBH. 



Book IV. — Thcoretns. 133 

Because each of the angles DBA and CBH is a right 
angle, therefore DBA is equal to CBH, 

therefore DBA+ABC is equal to CBH+ABC, 
that is DEC is equal to ABH. 
Because AB, BH, and the angle ABH are equal to DB, 
BC, and the angle DBC respectively, 

therefore the triangles ABH and DBC are equal in all 

their parts, 
therefore the area of ABH is equal to the area of DBC. 
Because the triangle ABH, and the parallelogram BL are 
upon the same base and between the same parallels, there- 
fore the area of BL is double of the area of ABH. 

Similarly, the area of AD is double of the area of DBC. 
But the area of ABH has been proved to be equal to the 
area of DBC, 

therefore the area of AD is equal to the area of BL. 
Similarly, the area of AF is equal to the area of CI, 
therefore the area of AD+the area of AF is equal to the 

area of BL + the area of CL, i.e. to the area of BK, 

therefore the sura of the squares of AB and AC is equal to 

the square of BC. 

Corollary. — In every right-angled triangle the square of 

either side is equal to the difference of the squares of the 

hypothenuse and the remaining side. 

DEFINITION. 
50. — If perpendiculars be dropped upon a given stra^ht 
line of indefinite length from each extremity of a given finite 
Fig. 3*- Fig. 33. Fig, 34. 
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cepted between the feet of these perpendiculars is called the 
projection of the second hne upon the first line. 

Thus, if AE and BF (Figs. 32 and 34) and BF (Fig. 33) 
be perpendicular to CD, then EF (Figs. 32 and 34) and AF 
(Fig. i^ will be the projection of AB upon CD. 

PROPOSITION 16. 
Ih any triangle the square of any one side is less or grealet 
than ilie sum of the squares of the two remaining sides accord 
mg as the angle included by these two remaining sides is less of 
greater than a right angle, and tlie difference b^ween the s^iore 
of any side of a triangle and the sum of the squares of the tli/O' 
remaining sides is equal to twia the rectangle contained by 
either one of these sides and the projection of the other side upon 
the aforesaid side 

Fig. 35- ^''^' 36. 



Let ABC be any triangle, then the square of any side, as 
AC, shall be less or greater than the sum of the squares of 
the two remaining sides AB and EC, according as ABC is 
less or greater than a right angle, and if AD be the perpen- 
dicular from A upon BC, or BC produced, the difference of 
the square of AC and Uie sum of the squares of AB and BC 
shall be equal to twice the rectangle of CU and BD. 

ist. Let ABC be less tbaa a right angle, then because: 
ADC is a right angle, therefore ADC must be greater than 
ABC, and therefore AD must fell within the triangle ABC, 
as ill Fig. 35. 

Because BC is divided into two parts in D, 

therefore DC* is equal to BC^+BDi'-zCB . BD 
(BtL IV. Prop. 13). 
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To each of these equals add the square of AD, 
therefore DC'+AD» is equal to BCHBD^ + AD^ 
-2CB . BD. 
Because the angles CDA and BDA are each of them right 
mgles, 

therefore DC*+AD» is equal to AC» ; 

and BD*+AD'' is equal to AB», 

therefore AC* is equal to AB' + BC'-zCB . BD. 

and. Let ABC be greater than a right angle, then it may 

be proved, as in the last case, that AD falls vjithout the 

iangle ABC, as in Fig. 36. 

Because DC is divided into two parts in B, 

therefore DC* is equal to DB' + BC^ + aDB . BC 
(Bk. IV. Prop. iz). 
To each of these equals add AD', 

therefore AD»+DC« is equal to AD' + DB^BC* 
+ 2DB. BC. 
Because ADB is a right angle, 

therefore AD^+ DC" is equal to AC* ; 

and AD»+DE« is equal to AB», 

therefore AC" is equal to AB»+BC'+2DB . EC. 



PROPOSITION r?. 

TTit area of a trapezoid is equal to kaif the rectangle of the 
sum of the two parallel sides and ilte perpauiicular distance 
between them. 

Let ACDB be a trapezoid, of which AB and CD 
two parallel sides, and CE the 
perpendicular drawn from C to 
AB, then shall the area of the 
figure ACDB be equal to half 
the rectangle of CE and the 
of AB and CD. 

Join BC, and draw BF per- 
peiuliculai: u> CD produced. 
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The area of the trapezoid ACDB is equal to the sum of 
the areas of the triangles ABC and BDC. 

But the area of the triangle ABC is half the rectangle of. 
AB and CE (Bk. IV. Prop. lo). 

Similarly, the area of the triangle BDC is half the r 
angle of CD and BF, i.e of CD and CE, 
therefore the area of the trapezoid ACDB is equal to half 
the sum of the rectangles AB . CE and CD . CE, 

But the sum of the rectangles AB . CE and CD . CE ii 
equal to the rectangle of CE and the sum of AB and CU 
(Bk. IV. Prop. II), 
therefore the area of the trapezoid is equal to half the rect- 
angle of CE and the sum of AB and CD. 

Section II. — Problems or Construction 

CONNECTED WITH AbeAS. 

PROBLEM I. 
Given a triariglg and an angle .- ii is required to construct a 
parallelogram whose area shall he equal to the area of the tri 
angle, and ofie of whose angles shall be eqnal to the gii'en angin 

Let ABC be the given triangle, and D the given angle 
it is required to construct a parallelogram whose area shaJ 
be equal to the area of ABC, 
and one of whose angles si 
be equal to D. 

Bisect BC in E (Bk. lU 
Prob. 8). 

Through E draw EF, 
the angle FEC equal to D (Bk.' 
III. Prob. i). 
Through A draw AFG paralld 
1 F (Bk. III. Prob. 6). 
Through C draw CG parallel to EF, meeting AFG in G. 
Then FECG shall be the parallelogram required. 



Fig. 38. 




to BC, meeting EF ii 
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Because the triangles ABE and AEC are upon equal 
bases and of equal altitudes, therefore their areas are 
equal (Bk. IV. Prop. 7) ; 

therefore the area of the triangle AEC is double of 

the area of the triangle AEC. 

Because the parallelogram EG and the triangle AEC 

are upon the same base EC and between the same parallels, 

therefore the area of EG is double of the area of AEC, 

therefore the parallelogram EG is equal in area to the 

triangle ABC, and it has the angle FEC equal to the 

angle D. 



PROBLEM 2. 

Given a triangle, an angk^ and a finite straiglit line : it 
is rehired to amstrud a paralklogram having its area equal 
to that of the triangle, mu angle equal to the given angle, and 
given straight line for me of its sides. 

Let ABC, D, and EF be the given triangle, angle, and 
straight line respectively. 



Fig. 39. 




By the last proposition construct the parallelogram CK 
equal in area to ABC and having die angle KGC equal 
to D. 

Produce FE to L so that EL may be equal to GK, make 
the angle NEL equal to GCH (Bk. III. Prob. i), and 
complete the paralldogram EM (Bk. III. Prob. 6). 



■38 



Ccomeiry. 



Dra\(- FO parallel to EN meeting MN in O and join OE. 

Because ML is parallel to and OE meets NE ; 
therefore ML and OE will meet if produced, 
let them be produced till they meet in P. 

Draw PR yMrallel to EL, and let it meet NE and OF 
produced in Q and R, then ER shall be the parallelogram 
required. 

Because (by Bk. IV. Prop, i, Cor.) the areas of ONE and 
ELP are respectively equal to the areas of OFE and EQP, 
and the area of CMP to that of ORP, it follows that the 
area of EM is equal to that of ER. 

Also because the angles NEL and FEQ are equal, the 
parallelograms EM and ER are equiangular. 

Therefore the parallelogram ER is equal in area to, and 
equiangular with, the parallelogram EM, and it has the 
straight line EF for one of its sides. 

But the parallelogram EM is equal in area to, and equi- 
angular with, the parallelogram CK. 

Therefore the parallelogram ER is equal in area to the 
given triangle ABC, and has an angle equal to the given 
angle, and the given straight line for one of its sides. 



PROBLEM 3. 

Given any rectilinear figure and an 
cmstrtut a parallelogram having its or 
given figure, and the given angle for on 
Fig. 40. 



angle : it is required to 
ca equal to thai of ike 
• of its angles. 




Let ABODE be the given rectilinear figure and F the_ 
^vea angle ; it is reijtuied to couateMW a, ^it3,Uel{ 



F 
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whose area shall be equal to the area of ABCDE, and one 
of whose angles shall be equal to F. 

Divide the figure ABCDE into triangles by the lines BE, 
CE,&:c 

Construct the parallelogram GL equal in area to the 
triangle ABE, and having the angle GHL equal to F 
(Bk. IV. Prob. i). 

To KL apply the parallelogram KN equal in area to 
the triangle BEC, and having the angle KLN equal to F 
' (Bk. IV. Prob. 2). 

And repeat the last step for eacli remaining triangle. 

Then the figure GHPO so formed shall be the paral- 
lelogram required. 

Because the angles GHL and KLN are each equal to 
F, therefore they are equal to each other. 

But GHL and KLH are together equal to two right 
angles (Bk. 1. Prop. 19). 

therefore KLN and KLH are together equal to two right 
angles, and therefore HL and LN are in the same straight 

Similarly LN and NP are in the same straight line, and 
so on; therefore HP is a straight line, and similarly GO is a 
straight line, and HP and GO are parallel straight lines, 
because the parts of them GK and HL are parallel 

Therefore GP is a parallelogram having an angle GHP 
equal to F and having its area equal to that of the 
rectilinear figure ABCDE, because the parts of GP are re- 
spectively equal in area to the parts of ABCDR 



Givefi a rectilinair figure : it is required to construct a square 
equal in area to the given rectilinear figure. 

Let ABCDE be the given rectilinear figure; it is requited 
to construct a square equal in area to ABCO'E.. 
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Construct the rectangular parallelogram FH equal in art 
to ABCDE by the last Problem. 

If FG and GH be equal, FH is a square, and the proble: 
is complete. 

Fig. 41. 




If not, produce FG to T-, make GL equal to GH, upon 
FL as diameter, describe the semicircle FML, and produce 
HG to M. 

Then the square of GM shaU be the square required. 

Because FN is equal to NL, therefore FG is equal to the 
sum ofNL and NG, and GL is also equal to their difference; 

therefore the rectangle of FG and GL is equal to the 
difference of the squares of NL and NG (Bk. IV. Prop. 14). 

But NL is equal to NM, 

therefore the difference of the squares of NL and NG ia 

equal to the difference of the squares of NM and NG, Le, 

to the square of GM (Bk. IV. Prop. 15). 

And the rectangle of FG and GL is the area of the figure 
FH, i.e. the area of the given rectilinear figure ABCDE, 
therefore the square of GM is equal in area to the 
rectilinear figure ABCDE. 



I. From any point within an equilateral polygon perpen- 
dicuJars are drawn to the sides, produced if necessaiy. 
Prove that if a rectangle of equal area with the polygon 
constructed on one of the sVAes at the polygon, the sum 
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these perpendiculars will be equal to twice the side of the 
rectangle adjacent to the side of the polygon on which it is 
constructed. 

. If ABC be a triangle right-angled at C, and from AB 
there be cut off AE equal to AC and BD equal to BC, 
prove that the square of DE will be equal to twice the 
rectangle of AD and EB. 

. From one of the extremities A of the base AB of the 
isosceles triangle CAB, AD is drawn perpendicular to the 
opposite side BC, meeting that side in D. Prove that tlie 
square of AD is equal to the square of BD together with 
:wice the rectangle of BD and DC, 

4. If ABC be a triangle right-angled at C, and CD be 
drawn perpendicular to AB and meetbg AB in D, prove 
that the rectangle of AD and DB is equal to the square 
of CD. 

5. The straight line AB is divided in C so that the 
rectangle AB . BC is equal to the square of AC. Prove 
that if CD be cut off from CA equal to BC, then CA will 
be divided in D so that the rectangle CA, AD is equal to 
the square of CD. 

6. From the extremities A and B, of the base of a triangle 
ABC, perpendiculars AL and BM are drawn to the opposite 
sides, produced if necessary. Prove that the rectangles 
CA . AM and CB . BL are together equal to the square 
ofAE. 

7. From an angular point A of the triaOgle ABC, the line 
\L. is drawn to the middle point of the side BC. Prove 

that the square of BC and four times the square of AL are 
together double of the squares of BA and AC. 

8. If P and Q be two points on a circle whose centre is 
O, and A and B two points on any line drawn through O 
such that AO is equal to BO, prove that the sum of the 
squares of AP and BP is equal to the sum of the squares of 
AQ and BQ. 

9. Prove that the sum of the u^uaies ol liiiaaia^cia. 
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parallelogram is equal to that of the squares of its two 
diagonals. 

10. Prove that if any point within a parallelogram be 
joined to the four vertices, the sum of the areas of each pair 
of opposite triangles- thus formed will be equal to half the 
area of the parallelogram. 

11. If a triangle be formed by joining the middle point 
of one of the non -parallel sides of a trapezoid to the ex- 
tremities of the opposite side, prove that the area of the 
triangle will be half the area of the trapezoid. 

12. If a point P be taken either without or within a 
parallelogram ABCD of which BD is a diagonal, prove that 
the area of the triangle PBD will be equal to either the sum 
or difference of tlie areas of the triangles PAB and PBC. 

13. Prove that of all rectangles with equal perimeters the 
area of the square is the greatest 



Section I. — On Ratio ^ 



DEFINITION. 

gi. — When one magnitude is the sum of a number of parts 
each equal to another magnitude, the first magnitude is said 
to be a multiple of the second magnitude, and the second 
magnitude is said to be a measure or aliquot part of the first 
magnitude. 



Fig. 



k 



Thus if the straight line AB be made up of a number of 
parts AE, EF, FG, and GB, each equal to the straight line 
CD, then AB' is said to be a multiple of CD, and CD to be 
an aliquot part of AB. 

If, as in the illustration, the number of parts in AB were 
four, AB would be said to be four times CD, or CD multi- 
plied by four, and conversely CD would be said to be one- 
fourth of AB, or AB divided by four. 

In this case AB would be also said to contain CD four 
times, and CD to be contained \\i AB four times. 

These relations are expressed as follows ; 



AB = 



.4. CD or4CD 
L.ABor^B, 



and similarly for any other numbers a 
Ni>te.—Vs's apply the terms swii ; 
and measure, to abstract number 



d raagnimdes. 

id inference, multiple 
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magnitudes, like lines, areas, and so forth. Thus, g is said 
to be the sum of 3 and 2, and 2 is said to be the difference 
of S and 3, by which we mean that if any magnitude were 
multiphed by 3 and by z the sum of the results would be 
the same as if the magnitude were multiplied by 5, and if 
any magnitude were multiplied by 5 and by 3 the dif- 
ference of the results would be the same as if the magnitude 
were multiplied by 2. 

So, also, the number 12 is said to be a multiple of the 
number 4, and the number 4 to be a measure of the number 
la; by which we mean that if any magnitude be added 
together is times, the resulting sum is a multiple of the 
same m^nitude added together 4 times, and we say that 
IS is equal to 4 multiplied by 3, or to 3 times 4. 

For the sake of brevity we frequendy use letters for 
numbers ; thus, a, b, c, &c., are frequently used as abbrevia- 
tions for the phrase ' any number^ and in such cases the 
result of multiplying the number b by the number a 
represented by ab. 

It is assumed as axiomatic that if any magnitude be 
multiplied by one number, and the product thus obtained 
be multiplied by a second number, the result will be the 
same as if the magnitude were first of all multiplied by the 
second number and this product were then multiplied by 
the first number, or that any magnitude multiplied by ab is 
equal to the same magnitude multiplied h'jba, and therefore 
we say that ab is equal to ba. 

It is also assumed that if A and B be any two magni 
tudes, and a any number, then nA + uB will be equal ti 
the sum of A and B multiplied by a, and that flA~aB will 
be equal to the difference of A and B multiplied by fl ; or, 
in other words, that if we add or subtract magnitudes and, 
multiply the sum or difference thus obtained by any number, 
or if we multiply tlie same magnitudes by any number and 
/ie^ add or subtract the products t the result will be the same. 
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DEFINITIONS. 

52.^When each of two magnitudes is a multiple of, or 
exactly contains, a third magnitude, the first two magni- 
tudes are said to be commensurable, and the third magnitude 
is called a common measure of the first two magnitudes. 

53. — If there be four magnitudes such that the first con- 
tains the second as many times as the third contains the 
fourth, then the first and third magnitudes are said to be 
equimuUipUs of the second and fourth. 

54, — The raiio of two commensurable magnitudes is the 
answer to the question how many times they respectively 
contain any common measure. 

55, — In speaking of the ratio of two magnitudes, the magni- 
tude first mentioned is called the antKcdent, and that last 
mentioned the consequent of the ratio. 

56. — The two numbers which express how many times tlie 
common measure is contained in the antecedent and conse- 
quent of a ratio respectively, are called the nunterator and 
the denominator of the ratio. 

A ratio is denoted ; 

1st By writing the numerator above the denominator, or 
the antecedent above the consequent, with a line between 
them in each case. 

and. By writing the numerator before the denominator, 
or the antecedent before the consequent, with the mark : 
between them in each case. 

Fig. z. 




Thus, let AB and CD be two straight lines, and X a third 

straight line which is contained in AB and CD four times 

1 and three times respectively, then tlie ratio of 4B to CD 

' may have for numerator and denominator the numbers 4 

i 3 respectively, and we should miia ; ^ 
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AB _ 4 CD _ 3 
CD 3 AB 4' 

or AB : CD = 4 : 3, CD : AB = 3 : 4, 

and similarly for any other numbers and magnitudes. 

Note, — It is clear from the above definition that if the 
consequent of two magnitudes whose ratio is given be 
divided by the denominator of the ratio, and the part thus 
obtained be multiplied by the numerator, the resulting 
magnitude will be equal to the antecedent 

The term multiply is often used in an extended sense, 
so that, whether the antecedent be a multiple of the conse- 
quent or not, the antecedent is said to be equal to the 
consequent multiplied by the ratio between them, and the 
consequent is said to be equal to the antecedent divided by 
that ratio. 

Thus in the preceding illustration, we should say that 

AB was equal to CD multiplied by -, and we should wTite 

3 
as follows : 

AB is equal to ^- CD, and CD is equal to AB -r ^^ 

3 3 

PROPOSITION I. 

The antecedait of any ratio multiplied by the denominator 
of that ratio is equal to the consequent multiplied by the 
numerator. 

Fig. 3. 



B 



I^et AB and CD be two straight lines such that a third 
straight line X is contained by them m times and n times 
respectively, and therefore such that 

AB . y ^ m 

CD '^ "1""^ '° ■«• 
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Because AB is equal to /«X 

therefore «AB is equal to n x wX, i.e. to «mX. 

Similarly, w/CD is equal to w x kX, i.e. to wj«X; 
therefore «AB is equal to wCD, 
and a similar proof is applicable in the case of any other 
commensurable magnitudes besides straight lines. 

Corollary i, — When the denominator of a ratio is one, the 
antecedent is equal to the consequent multiplied by the 
numerator, and, conversely, when the antecedent is a 
multiple of the consequent the ratio may have one for 
denominator, and the number of times the antecedent con- 
tains the consequent for numerator. 

Thus, in the illustration to Definition i the ratio ^.^ may 

be represented by ^. 

In such a case as this the denominator is generally omitted, 

and the numerator is said to be the ratio, 

Corailary 2. — If the first of four magnitudes be the same 
jltiple of the second that the third is of the fourth, the 
tio of the first magnitude to the second will be the same 

as the ratio of the third magnimde to the fourth. 

Corollary 3. — When the numerator of a ratio is equal to 

the denominator, the antecedent is equal to the consequent, 
this case a multiple of the antecedent is equal to the 

same multiple of the consequent. The ratio in this case is 

called otie or unity. 

PROPOSITION 2. 

^^ iVlun a ratio is given and also a magniiude 0/ any kind, 
then one, and only one, ot/ier fnagntlude of like kind can always 
^^^ found so as to form with the given magnitude the ttnk:edei:t 
d wnseqttent of the given ralio. 

io, and let the sItba^X \TOe. C"t\ 
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be the given magnitude. Divide CD ir 
let X be equal to one of them. 




Then one straight line AB, and no more than one straight 
line, can always be found equal to wX. 

Therefore one straight line AB, and only one straight liney 
can always be found such that 



is equal to -. 



The given magnitude may be any other than a straight 
line without affecting the proof. 



DEFINITIONS. 

57. — If there be two ratios such that when equal n 
tudes are taken as consequents in each ratio, the antecedents 
are also equal, then the ratios are said to be equal to o 
another; but if the corresponding antecedents be unequal 
that ratio which has the greater antecedent is called th| 
greater of the two ratios. 

S8. — If there be two ratios such that when equal n 
tudes are taken as consequents in each ratio, the anteceden 
of one ratio is any multiple of the antecedent of the othe*l 
then the one ratio is said to be that same multiple of t 
other ratio. 

Fig- S- 



Thus if AB, CD, and X be three straight lines such thi 
AB is equal to m times CD, then the ratio — - is said to I 
m times the ratio -^. 



Ratio and Proportion. 



PROPOSITION 3. 

If the denominalors of Iwo ratios be e^uailo one another, but 
ike numerator of the second ratio be any multiple of the numerator 
of the first ratio, then the saond ratio shall be thai same multiple 
of the first ratio, and if the numerators of two ratios be equal 
to one another, but the denominator of the second ratio be any 
multiple of the denominator of the first ratio, then the first 
ratio shall be t/iat same multiple of the second ratio. 

I. Let there be two ratios, each having the number repre- 
sented by^ for denominator, and let the numerator of the 
first ratio be x, and that of the second ratio mx, then shall 
the ratio — be equal to w times the ratio - . 

y y 

Fig. 6. 



Take any straight line X as a common consequent of the 
, two ratios, and let the straight lines AB and CD be the 
corresponding antecedents, so that the two ratios are ■- 
and - .=- respectively. 

Because x and y are the numerator and denominator 
respectively of the ratio - - , 

And MX and y are the numerator and denominator re- 
spectively of the ratio ~- ; 

therefore if X be divided into y equal parts, AB will contain 

X, and CD will contain mx of these parts ; 

tJierefore CD is equal to m times AB ; 

therefore -^ is equal to w times -^ (Def. 38), 
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2. Let each of Che ratios have the number x for 
and let their denominators be>'and my, then shall 
- be « times the ratio — . 



r numenitoij^H 
all the ratios 



Take any straight line X as a common consequent of the 
two ratios, and let tlie straight lines AB and CD be the 
corresponding antecedents, so that the two ratios are — - 
and ^y- respectively. 

As in case i, if X be divided into y equal parts, AB 
contain x of these parts ; and if X be divided into my equal 
parts, CD will contain x of these parts. 

But each of the y equal parts of X must be m limes as 

large as each of the my equal parts of the same straight line 

therefore :t of the ^ equal parts is m times as large as x 

of the my equal parts ; 

therefore AB is equal to m times CD ; 

therefore ^ is equal to m times ?5. (Def. 58), 

■ ~y my 

Corollary. — When the numerator and denominator of a 
ratio are each multiplied or each divided by the sam& 
number, the ratio remains unaltered. 

Note. — Since a ratio remains unaltered when any equi- 
multiples of the numerator and denominator are written for, 
those numbers respectively, it follows that the same ratio 
may be expressed in an infinite number of different ways. 

Thus, f, \, T^, II, &c., all denote the same ratio. 

Hence when we speak of Mf numerator and denominator 
of any given ratio, we mean any one of the pairs of numbers 
whicli might be selected, each denoting the given ratioi 
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PROPOSITION 4. 

Magnitudes have to one another the same ratio which their 
equimultiples have. 

Fig. 8. 

A B C D X 

Let there be four magnitudes as, for instance, the straight 
lines A, B, C, and D, such that A and B are equal to / 
times C and/ times D respectively. 

Let X be a straight line, such that C and D are equal to 
m times X and n times X respectively, and therefore such 

that ^ is equal to - . 
D n 

Because C is equal to /«X, and D is equal to «X, 

therefore A is equal topmXy and B is equal to pnX ; 

A A ... 

therefore is equal to -^— (Def 54) ; 
B pn 

therefore =r is equal to - (Prop. 3, Cor.), 
Jd n 

i.e. ^ is equal to =^. 
13 D 



PROPOSITION 5. 

Any two ratios may he made to have the same denominator 
or the same numerator without altering the value of either ratio. 

Let the numerator and denominator of the first ratio be a 
and by and those of the second ratio c and d respectively, so 

that the ratios are = and - respectively. 

b d 

By the Corollary to Proposition 3, the ratio - is not 
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altered by multiplying both the numerator and denommat^ 

therefore - is equal to -^. 
b db 

Similarly -^ is equal to -,. 

Hut db is equal to bd^ 

therefore '—^ and /^ are respectively equal to - and ' and 
db bd dr 

they liave a common denominator db or bd. 
Again, by the Corollary to Proposition 3, 

" is equal to %, 
b cb 

and ^-.is equal to — „ 
, d ad 

therefore - , and — , are respecrively equal to - and 
cb ad b t 

and they have a common numerator ca or ac. 

Corollary 1. — The proof may be extended to any number 
of ratios by multiplying every numerator in succession by all 
the denominators, except its own, for a new numerator, and 
multiplying all the denominators together for a common 
denominator, and siroilariy for a common numerator. 

Corollary 2. — If two ratios be equal to one another they 
may, without altering tbeir values, be made to have equal 
numerators and equal denominators. 

DEFINITION. 
59. — If the same magnitude be taken as consequent to each 
of two given ratios, the ratio of the sum of the antecedents 
to this common consequent is called the sum of the ratio^ 
and the ratio of the difference of the antecedents to this 
common consequent is called the difference of the ratios. 

The addition and subtraction of ratios are denoted respe< 
lively by the signs + and -jOr — , as in the case of concrete 
mitudes. 
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Nole. — Although the addition and subtraction of ratios is 
denoted by the same signs or marks as the addition and 
subtraction of concrete magnitudes such as lines, areas, 
angles, and so forth, yet it is very imporUnt to observe that 
there is a wide difference between the cases, 

A concrete magnitude is divisible into parts, so that a 
lai^er magnitude is made up of the sum of smaller magni- 
tudes of like kind, and hence it follows as axiomatic that 
if A and B be concrete magnitudes of like kind, then 
A + B ~ B is equal to A, and if B be smaller than A, then 
A~B+B is equal to A. 

But a ratio is not divisible into parts ; it is, as it has been 
defined to be, the answer to a question, and all the proposi- 
tions connected with the addition and subtraction of ratios 
must be deduced rigorously from the definition (59). Ii 
must also be remembered that a ratio may in some cases be 
expressed by one number only (see Prop. 1, Cor. i), and 
conversely that every number is a ratio, and therefore that 
the definitions of sum, difference, and multiple of ratios 
ought to include those of the sum, difference, and multiple of 
numbers. A reference to (Def. 51, Note) will easily show 
that this is llie case. 

PROPOSITION 6. 
If two ratios be equal to two other ratios, each to each, then 
t/ie sum or difference of the first ttao shall be equal respectively to 
thesum or difference of the last two ; and if from t/iesumoftwo 
ratios one of them be subtroiled, the remainder shall be equal to 
the other ratio, 

I. If there be t«'0 ratios equal to two other ratios each to 
Fig, 9. 

A B D X 

each, then the sum or difference of the first two shall be 
^gn^raoKtively to the sum or diffCTence pf^he last two,. 
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Take any magnitude as a common consequent of all the 
ratios, as, for instance, the straight line X, and let the corre- 
sponding antecedents be the straight lines A, B, C, and D 

ABC D 

respectively, so that the ratios are -- , — , - , and - . 

A. yi. A. J^ 

Because - is equal to -^ and - to „, 

therefore A is equal to C and B to D (Def. 57), 

tTierefore A -h B is equal to C + D and A ~ B is equal to C ^w D, 

^, ^^ A + B. ,^ C4-D ,A~B. ,, C~D 

therefore -^- is equal to -^ and -^ is equal to -^, 

therefore -H-^ is equal to — + y> 

, A B . , ^ C D 

and Y '^ Y ^^ equal to — ~ ;rp. 

2. If from the sum of two ratios one of them be sub- 
tracted the remainder shall be equal to the other ratio. 

Fig. 10. 

A B X 



Take any magnitude, as for instance the straight line X, 
as a common consequent of both the ratios, and let the cor- 
responding antecedents be the straight lines A and B, so 

that the ratios are :^ and ^ respectively. 

X X 

Because ^ + J is equal to *^ (Def. 59), 

therefore v + v '" X ^^ ^^^ ^° ~X~ '" X' 

^ , A-fB B . w A-f-B-B ,^ f X 
But ^^ IS equal to —^ (Def. 59). 

XX A 

and A + B~B is equal to A, 

A I T> T> A 

therefore -^ ^\% equal to , 

X X A. 

ABB A 

therefore ;^ + — '^ ^ is equal to . 

XXX A 
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Corollary. — Similarly it may be proved that, if to the 
difference of two ratios the smaller be added, then Uie sum 
will be equal to the larger ratio. 



1 



DEFINITION. 
60. — If there be two given ratios, and three commensurable 
magnitudes be taken, such that the ratio of the first of these 
magnitudes to the second is equal to the first of the given 
ratios, and the ratio of the second of these magnitudes to the 
third is equal to the second of the given ratios, then the 
ratio of the first of these magnitudes to the third is said to 
be the product of the second ratio multiplied by the first 
ratio, or to be the ratio cotnpomided of the two given ratios. 



Thus, let A and B be two straight lines, and C and D 
two areas, and let the three straight lines P, Q, and R be 
taken such that the ratio — is equal to the ratio — and the 

Q ^ 

ratio y to the ratio ^, then the ratio „ is said to be the 



D' 



R ' 



product of the ratio j- multiplied by the ratio -^ 

This product is denoted, as in the case of a magnitude 

multiplied by a number, by the sign x or , , thus, ^ x = or 

A C 
B * D' 
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square of either ratio, thus, ^ x :^ is called the square of ^ 
and is writtea [ — J . 

PROPOSITION 7. 

If there be two given ratios, and a third ratio be formed 
having for its numerator the product of the numerators of the 
two given ratios, and for its denominator the product of their 
denominators, then this ratio shall be equal to the product of 
the two given ratios. 

Fig. 12. 



Let the numerator and denominator of the first ratio be 

represented by a and b. and those of the second ratio by 

,d d respectively, and take three commensurable magni- 



tudea, as, for instance, tlie straight line: 
such that ^;^ is equal to - and -^ i 



AB, CD, and EF, 
equal to ^ , then 



b . d' 



by (De£ 60) is equal to 

Because i . AB is equal to c . CD {Bk. V. Prop. 1), 
and </ . CD is equal to c . EF, 
therefore di . AB is equal to da . CD, 
and ad . CD is equal to ac . EF. 
But da . CD is equal to ad . CD, 
therefore db . AB is equal to ac . EF, i.e. to ca . EF, 
therefore ^ is equal to ^. 
Corollary 1. — If A, B, C, and D be four commensurable 
magnitudes of like kind, ^ x - is equal to ^ x !^. 

Corollary 3. — ^If any ratio be multiplied by the ratio <rf 
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r equal magnitudes to one another, i.e. by one (see 
Prop. I, Cor. 3}, the ratio remains unaitered. 

Corollary 3. — The product of any one ratio muhiplied by 
a second ratio is equal to the product of the second ratio 
multiplied by the first ratio. 

Corollary 4. — If two ratios be equal to two other ratios, 
each to each, then the product of the first pair of ratios will 
be equal to the product of the second pair. 

Similarly for any number of equal ratios. 

DEFINITION. 

fir. — If there be three given ratios such that the product of 

the first multiplied by the second is equal to the third, then 

the first ratio is said to be the quolimt of the third ratio 

/by the second ratio. 

^ X ^ be equal lo — , then ^ is said to be the 

% divided by - , aiid Ais relation is written 

is equal to -p -^ ^. 



PROPOSITION 8. 
The quotient of one ratio divided by another is equal to the 
■t of the one ratio multiplied by the ratio formed by inter- 
changing the antecedent and consequent of the other ratio. 
Fig. i3' 



Let any pair of commensurable magnitudes, as, for instance, 
the straight lines A and B, be the antecedent and consequent 
of the one ratio, and let any other pair of commensurable 
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magnitudes, as, for instance, the areas C and D, be the ante- 
cedent and consequent of the other ratio. 

CD C 

Because — x -^ is equal to -^ (Def 60), 

C D 
therefore ^^ x -^ is equal to i, 

C D A A 

therefore T^ ^ /-. ^ t» ^^ equal to -_^ (Prop. 7, Cor. 2), i. e. 
D C B B 

A D 

if the product of the ratios - and -^ be multiplied by the 

B C 

C A 

ratio ^^ the resulting ratio will be equal to — , 

D B 

A 

therefore by (Def 61) the product of the ratio :^ multiplied 

B 

D A 

by the ratio ^ is equal to the quotient of the ratio — divided 

C B 

r 

by the ratio =. . 

Corollary i. — It has been proved in the course of the fore- 
going proposition that the product of any given ratio multi- 
plied by the ratio formed by interchanging the numerator 
and denominator of the given ratio is equal to one. 

Corollary 2. — If a and b be two numbers the quotient of 

the ratio a divided by the ratio b is the ratio y. 



DEFINITION. 

62. — When there are two pairs of commensurable magni- 
tudes, such that the ratio between the first pair is equal to 
that between the second pair, the four magnitudes are said 
to be proportionals or in proportion. 

Fig. 14. 



B 




ThuS; if A and B be any two magnitudes of like kind, as, 



.«» 
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^mstance, two straight lines, and C and D be any two 

maipiEudes of like kind, as, for instance, two areas, such that 

A. ,. C 

-^.S equal to -^, 

then A, B, C, and D are said to be proportionals or in 

proportion. 
This relation is also written thus : 

a:b:: c; D. 

All four magnitudes may be of the same kind, as, for 
instance, four straight lines, four areas, four angles, and so 
on, but at any rate the magnitudes in each pair taken sepa- 
rately, must be of the same kind, 

\Viien all four magnitudes are of the same kind, and more- 
over the second and third are equal to each other, the second 
or third magnitude is said to bea rrrean proporiionai htivi^tn 
the first and fourth. 

PROPOSITION 9. 
If the ratio of the first of four magnitudes to the sewid it 
equal to that oft/u third to the fourth, then .- 

1 . 77ie ratio of tfie second to the first shall he equal to that 
of tin fourth to the third; 

The ratio of the sum or difference of the first and second 
\ to the second shall be respectively equal to the ratio of the sum 
or difference of the third and fourth to the fourth ; 

3. T^ ratio of the sum or different of the first and third 
'0 the first shall be respectively equal to the ratio of the sum or 
iifference of the second and fourth to llie third. 

Fig. 15. 



Let A and B be two commensurable magnitudes, as, for 
gCJCMnple, two straight liges, and, let C and D be two c 
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mensurable magnitudes, as, for example, two areas, and let 

A C 

the ratio — be equal to the ratio =- then : 
13 D 

B D 

1. The ratio — shall be equal to the ratio — . 

A C 

Because — is equal to — , 
B L) 

therefore -r- x =- x -^ is equal to — x =- x —. 
ABC C D A 

Also X ^ ^ ^^^ f^^T\ ^^^ ^^^ equal to one, 
A B CD 

therefore — is equal to — (Bk. V. Prop. 7, Cor, 2). 
C A 

A4-B C + D 

2. The ratio shall be equal to the ratio - .!"— . 

B D 

Because — is equal to — and - is equal to ^ (each being 

one\ 

therefore 4+? is equal to ^+^ (Bk. V. Prop. 6), 
B B D D 

therefore -^— is equal to — :^- (Def. 59). 
B D 

Similarly, 'I is equal to . 

B \J 

3. The ratio ^^^ shall be equal to the ratio ?^. 

, Because J" is equal to — =-— , 

B D 

B D 

and - is equal to — (Part I.), 

,, r A + B B . , ^ C + D D 

therefore ^^^ x -^ is equal to Z: x ^ 
B A DC 

(Bk. V. Prop. 7, Cor. 4), 

. A + B. w C + D 

1. e. -^— IS equal to - T. 

Similarly, ^-? is equal to ^^. 
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It is clear that A, B, C, and D may represent any other 
kind of magnitudes besides lines and areas, and the proof 
will remain unaffected. 

PROPOSITION lo. 
If four magnitudes of the same kind be proportionals, then 
shall the ratio of the first to the third be equal to the ratio of 
the second to the fourth. 



Let A, B, C, and D be four magnitudes of the same 
kind, as, for instance, fotu straight hnes, and such that the 
ratio — is equal to the ratio — , then shall the ratio - be 

equal to the ratio 

Because ^ is equal to ^ 

therefore ^ x = is equal to 



B».^> 


equal tc 


^ 


B 


or. 2 and Def 


60). 






And^Jx^ 


s equal 


< 





therefore -^ is equal to 



PROPOSITION 



I If there he any number of equal ratios in which all the ante- 

H (edmts and consequents are of the same kind, then shall the 

I ratio of the sum of the antecedents to the sum of the consequents 

H be equal to any one of the equal ratios, 

I 
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Fig. 17. 



Let A, C, and E be any three magnitudes of the same I 
kind, as, for example, three straight lines, and let B, D, and I 
F be three other magnitudes of the same kind as A, C, and^ 



ind such that the ratios =, 
.^ A+C + E , 



then shall the ratio = 



1 equal, 1 

; of the 1 



Because the ratios 



and - are all equal, 



therefore they may be expressed with the same numerator J 

and the same denominator without altering their values I 

(Bk. V. Prop. 5, Cor. a). 

Let this common numerator and denominator be m and n \ 
respectively. 

Then « . A is equal to »» . B. 



»..E 
therefore n . A+n 



. D. 
C+n . E is equal to ». 



therefore n times the sum A + C + E is equal to « 
sum B + D + F, 
A + C + E. ^ 



therefore 



B+D+F' 



equal to - 



^ is equal to 



■ A+C + 

'■"■B+D+F "=''"'" ^"B"'b"'F' 

and the same is true whatever be the number of equal ratios-J 

and whatever be the magnitudes considered. 
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PROPOSITION 12. 

1/ there beany numier of magnitudes, and as many othtrs. 
which iakfit two and two in order have the same ratio, the 
first shall hm)e to the last of the first set of magnitudes the 
same ratio as the first has to the last of the second set of mag- 
nitudes. 

Fig. .8. 



Let A, B, and C be three magnitudes of the same kind, 
as, for instance, three straight lines, and let D, E, and F be 
three magnitudes of the same kind, as, for instance, three 
areas, and let the ratio ^ be equal to the ratio ^, and the 



equal to the ratio . 
Because is equal to =, 

and ^ is equal t( 
therefore t >= ^ is equal to ? x ^ (Bk V. Prop. 7, Cor. 4). 
But ^ X ^ is equal to ^ {X)e£. 61), 

also-^x- is equal to ^, 



, E 



E F ■ 

therefore = is equal to = 



The same proof is clearly app!ica!>Ie whatever be the 
number and kind of magnitudes in each set. 

Note. — I. It may happen (see Sect II.) that two niagnitud( 
of the same kind have no common measure j in such 
they are said to be inammauurable. 

The definition of ratio given above does not apply iS 
rectly to two incommensurable magnitudes, but it may 
extended to this case. 



Let there be two incommensurable magnitudes, sa, ioa 
instance, the two straight lines AB and CD. 

Divide one of these lines, as CD, bto any number 
equal parts, CE, EF, EG, GH, and HD, and set off up 
AB, begiiming from A, lines each equal to one of tht 
equal parts of CD until a point K is reached, such that S 
is less than one of these parts. 

Because AK and CD are each multiples of the sai 
straight line CE, therefore AK and CD are commen! 

Intrease the number of parts into which CD is divide^ 
then the length of each of these parts will be correspondingl; 
tiiminished, and the last point of division of AB or K, will 
approach continually nearer and nearer to the extremity ~ 
because the distance KB is always less than each of I 
parts of CD. 

As there is no limit to the number of parts into which C! 
may be divided, it follows that we may always set off up 
AB a line commensmabte with CD, and differing from I 
by OS small a line as we please. 

Hence in the case of two incommensurable straight lii 
we may always find a straight line differing from one 
them by a length less than any assignable length, and 



I the same time commensurable with the other line, or we 
[ may always find two straight lines differing respectively 
I from the two incommensurable straight lines by lengths less 
I than any assignable length, and at the same time commen- 
surable with one another. 

The limiting value of the ratio of these two commensu- 
rable straight lines is called the ratio of the two incom- 
mensurable straight lines. 

And similarly for any other incommensurable magnitudes. 

It follows from what has been said that no finite numerator 
and denominator however, large can express the ratio of two 
inconunensurable magnitudes, but that hy properly increas- 
ing both numerator and denominator we may obtain a rario 
as nearly equal as we please to the required ratio, i.e. such 
that the antecedent and consequent of the ratio thus obtained 
may differ respectively firom the gi\-en m commensurable 
magnitudes by as small a quantity 
as we please. 

If ABCD be a square, and BD 
oiie of the diagonals, then BD and 
AB are, as will be proved in the 
next section, inconunensurable mag- 
nitudes. 

The ratios whose numerators and 
denominators ate 14 and 10, 141 
and roo, i4i4and looo, 14142 and 
loooo, and so on, approach continually n 
the value of the ratio of BD to AB. 

That is to say, if AB were divided into ten equal parts, 
BD would contain fourteen such parts and a remainder over 
less than one of these tenth parts of AB ; or, in other words, 
if a line were taken having to AB the ratio \^, this line 
would differ from BD by less than the tenth part ofAB. 

Similarly, if a line were taken having to AB the ratio -}^, 
this line would differ from BD by less than the hundredth 
part of AB, and so on. 
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r and nearer to 
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Again, if CD be the length of the circumference of the^ 
circle of which AB is the diameter (see Note at end of 



Book II,), it may be proved that CD and AB are incom- 
mensurable magnitudes, and that the ratios ^, J^, Wl\ , 



., are successive approximations to the ratio 



That is to say, if a line were taken having to AB the ratio, 
^, this line would differ from CD by less than the tenth' 
part of AB ; and if a line were taken having to AB the 
ratio liTOii 'his line would differ from CD by less than the 
thousandth part of AB. 

In geometry we are as often conceroed with the investig»- 
tion of the relations of incommensurable as of comraensur- 
able magnitudes. 

II. When there are any number of magnitudes, and each 
magnitude is expressed as the product of one of them 
multiphed by some known ratio (Note, p. 146 above), that 
magnitude in terms of which each of them is expressed is 
called the unit of magnitude of the particular kind imdi 
consideration, and the different ratios are called the mh 
mcrical values of the different 



Fig.: 



Thus, let AB, CD, &c,, be the lengths of certain lines, 
and let X be another line, as a foot or an inch, then if the 
ratio of AB to X were 5, that of CD to X y. and so 01 
the fiutnerkal values of Che lines AB, CD, &c,j would be sau 
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F^S, y, and so on, and the line X would be said to be 
the unit of length. 

III. We have seen {Note to Def. 54) that the terms 
multiple, measure, equimultiple, &c., aie applied to the 
particular kinds of ratios which can be denoted by single 
numbers, and it is important to remark that these terms are 
extended to all kinds of ratios without restriction. 

Thus, \ is said to be a multiple of 5. because it is equal 
to 2 X J (Bk. V. Prop. 3), and 4 and % are said to be equi- 
multiples of -J and -^ respectively. 

So, also, the ratio of two commensurable ratios is defined 
to be the answer to the question how many times they 
respectively contain the same common measure. 

Thus the ratio of J and ^/ is |, because J is equal to 
3 X I, and V is equal to 5 x ^. 

It is easily seen that the ratio of two ratios must be the 
same as the quotient of the antecedent divided by the 
consequent. 

For if a and b be the numerator and denominator of 
the antecedent, and c and d those of the consequent, we 

know that the ratios are identical with the ratios -^,- and . ', 
lib bd 

respectively (Bk. V. Prop. 5) ; 

therefore tliey contain the ratio . . «(/and be times 

respectively, 
therefore their ratio is ^ or ^. -h ^ (Bk. V. Prop. 8). 

The student may omit Section II. of this Book, and pass 
on immediately to Book VI. 
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Section II. — On the Commensuhabiutf and Inc(w< 

MENSURABILITY OF MAGNITUDES OF LiKE KlNDS. 

PROPOSITION 13. 

f/a magnitudt: be a measure of each of two otfifr magnitiit/a, 
it shall be a measure both of the sum and differctice of any 
multiples of these other magnitudes. 



Let A, B, and C be any three magnitudes of like kind, as^: 
for instance, three straight lines, and kt C be a common 
measure of A and B, then C shall be also a measure of the 
sum or difference of any multiples of A and B. 

Fig. 84- 



Let EF be ary multiple of A, and FG any multiple of B, 
and let EF and FG be placed in the same straight line 
with a common extremity at F ; and first let FG be placed 
in the prolongation of EF, then the length of EG will be 
the sum of some multiple of A together with some multipll 
ofB. 

Let EF be divided into portions EH, HK, &c„ eachs 
equal to A, in the points H, K, &c., then the last of 
these points will coincide with F, because EF is a muldple 
ofA. 



r 
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Similarly, let FG be divided into portions FL, LM, &c., 
each equal to B in the points L, M, &c, then the last of 
these points ivill coincide with G, because FG is a multiple 
ofB. 

If now portions be marked off upon EG equal to C, the 
points H, K, &c., w-ill coincide with points of division, 
because EH, HK, &c, being equal to A are multiples of 
C, and therefore one point of division will coincide with 
F, and similarly the last point of division will coincide 
with G, 

Therefore EG is a multiple of C, or C is a measure of 
EG. 

Next, let FG he upon EF, then EG mtU be the difference 
of some multiple of A and of some multiple of B. 

If portions be marked off upon EG equal to C begin- 
ning with E, it follows from reasoning similar to the abo\e 
that one point of division will fall upon E and another 
Upon G ; 
therefore EG is a multiple of C, or C is a measure of EG ; 

therefore C is a measure both of the sum and difference 
of any multiples of A and B. 

Similar reasoning applies to other like magnitudes besides 
the lengths of straight lines. 

Note. — The following shorter proof may also be given of 
this proposition. 

Let A be equal to C multiplied by the number repre- 
sented b/ m, or let A be equal to w/C, and let B be equal 
to«C. 

Let/ and q be any other numbers, and therefore p . A 
and q . B any multiples of A and B ; 

therefore / . A is equal ta p-xm times C, 
and y . B is equal to ^ x « times C. 

But /XwC+j^xwC is equal to C multiplied by the sum 
of the numbers pm and qn ; 

therefore /A+4'B is some multiple of C. 

Similarly, also,/A~^B is some multiple o{ C. 
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63, — When as many parts as possible, each equal to some 
smaller magnitude, are taken from a larger magnitude, the 
larger magnitude is said to be divided by the smaller, the 
number of parts taken from the lai^er is called the guoiieni, 
and the part of the larger which remains after the subtrac- 
tion is called the renvainder of the division of the larger by 
the sreialler. 

Aiso the smaller magnimde is called the divisoTi and the 
larger the dividfttd. 

Fig. 25. 



Thus, if parts AE, EF, &c., each equal to the smaller 
straight line CD, be marked off upon the larger straight line 
AB until a portion GB remains less than CD, then AB is 
said to be divided by CD, the number of parts AE,EF,&c., 
equal to CD, is called the quotimt of the division, and the 
portion GB is called the remainder. 

When GB is equal to zero, or the last point of division 
coincides with B, AB is a multiple of CD. 

PROPOSITION 14. 

If {he larger of two like magniludes be divided by the smaller, 
and then the divisor be divided by the remainder, and the 
process be continually repeated, the divisor and remainder at 
any step being the dividend and divisor of the next svecading 
step, every common measure of the Jirst dividend and first 
divisor sltali be a common measure of each succeeding dividend 
and divisor, and conversely every common measure of arq 
dividend and divisor shall be a common measure of the first 
^isklaid and first divisor. 
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For distinctness sake, let the two magnitudes be repre- 
sented by two straight lines as AB and CD. 



Let AB be divided by CD, and let the remainder be GB. 
Let CD be divided by GB, and let the remainder be MD, 

Then AG is a multiple of CD. 

Because AG is a multiple of CD, therefore every common 
measure of AB and CD is a measure of AB~ AG, that is, of 
GB, and it is also a measure of CD j 

therefore every common measure of AB and CD is a 
common measure of GB and CD. 
Also every common measure of GB and CD is a common 
measure of the sum of GB and any multiple of CD. 

But AG is a mulriple of CD; 
therefore every common measure of GB and CD is a com- 
mon measure of AG+GB, that is, of AB, and it is also a 
measure of CD; 
therefore every common measure of GB and CD is a 
common measure of AB and CD. 
Similarly, it may be proved that every common measure 
of GB and CD, i.e. of AB and CD, is a common measure 
of MD and GB, and that every common measure of MD 
and GB is a common measure of GB and CD, i.e. of AB 
and CD. 

And so on for any number of steps in the process. 



PROPOSITION 15, 

If at any slep of the process describedin ilu last Proposition 
' : remainder becomes zero, the corresponding divisor shall 
t the ^eatest comnusn measure of the two given magnitudes ; 
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ami if the remainder ttcfer becomes sero, however far ike 
process ftuiy be continued, the two given magJiitudes shall be 
incom mensurable. 

First, if at any step of the process the remainder becomes 
^ero, the corresponding divisor must be a measure of the 
corresponding dividend; 

therefore it must be a common measure of itself and 

that dividend ; 

therefore it is a common measure of the two given 

magnitudes (last Proposition). 

But every common measure of the two given magnitudes 

is a common measure of this divisor and dividend ; 

therefore the greatest common measure of the two given 

magnitudes is the greatest common measure of this divisor 

and dividend. 

But if the divisor be a common measure of itself and the 
dividend, it must be the greatest common measure of itself 
and the dividend ; 

therefore it vrill be the greatest common measure 
of the two given magnitudes. 
Next, suppose that no divisor is ever a measure of 
any dividend, then the two magnitudes are incommensu- 
rable. 

For {referring to the last Proposition} GB is less thaB' 
CD, and AG is not less than CD ; therefore GB is less 
half AB ; 

therefore the first remainder is less than Half the 
first dividend. 

Similarly, any other remainder is less than half the cor- 
responding dividend. 

Therefore the remainders diminish without limit as the 
process is continually repeated. 

But we have seen that no common measure of the two 
given magnitudes can be greater than the remainder at any 
step of the process ; 
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therefore, if the process never terminates, n 

measure can be found, however small ; 
therefore the given magnitudes are incommensurable. 



TIte 



PROPOSITION 16. 
md side of a square a 



mmensurahh 



Fig. 27- 




Let ABCD be a square, and AC its diagonal. 

Because ABC is a right angle, therefore AC is greater 
than AB. 

Because two sides of a triangle 
are greater than the third side, there- 
fore AC is less than AB^-BC or 
less than 2A£. 

Cut off AE upon AC equal to 
AB, then EC will be less than AB 
or EC; 

therefore in the first step of the p-g- 
cess the quotient is one and the re- 
mainder EC. - » I, >, 

From E draw EF at right angles to AC, meeting BC in 
F, and join AF. 

Because in the tn'o right-angled triangles AEF and 
ABF, the hypothenuse AF is common, and the side AE 
equal to AB ; 

therefore EF is equal to BF. 

Because the side BA is equal to the side BC, therefore 
tlie angle EAC is equal to the angle BCA- 

Because ABC is a right angle, therefore the angles BAG 
and BCA are together equal to a right angle, and therefore 
since they are equal to one another, each of them is half a 
right angle. 

Because ECF is half a right angle, and FEC a right 
angle, therefore EFC is half a right angle; 

therefore EFC is equal to ECF, and the side EF 
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But EF is equal to BF ; therefore EC is equal to BF. 

If now we divide BC by EC, this being the second step 
in the process, the first division reckoning from B will be F, 
and the second will be G, such that FG is equal to FE, or 
the quotient will be 2, and the remainder GC. 

But FC is clearly the diagonal of a square of which FE 
and EC are the two sides ; 

therefore the process is henceforward the same as the last, 
and thus each step continually repeats itselfj and therefore 
we never arrive at a divisor which measures its correspond- 
ing dividend ; 
therefore AB and AC are incommensurable. 




BOOK VI. 

APPLICATION OF PROPORTION TO GEOMETRY. 
Section L— Miscellaneous Propositions. 

PROPOSITION I. 

In equal circles angles at the centres are to one another in 
the same ratio as the circumferences by which tk^ are sub- 
tended. 

Fig. 1. 




Let BCG and EFH be equal circles ivhose centres are 
A and D. 

Let BAC and EDF be any two angles at the centres A 
and D, and subtended by the arcs BC and EF respectively, 
then shaU the ratio ^'^^ be equal to the ratio SE- 

First, let the arcs BC and EF be commensurable. 
Take BK, any common measure of BC and EF, and let 
EM be equal to BK. 

Because BK is a measure of BC, therefore BC may be 
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ilivided into a certain number of equal arcs, BK, KL, &c., 
in the points K, L, &c j and similarly, EF may be divided 
into a certain number of equal arcs, EM, MN, &&, in the 
jjoints M, N, &c. 

Join AK, AL, &c., DM, DN, &c. 

Because the arcs BK, KL, &c, are all equal, therefore 
the angles BAK, KAL, &c., are all equal (Bk. 11. Prop. 9), 

therefore the arc BC is the same multiple of the arc BK 

that the angle BAG is of the angle BAK ; 
therefore ?^-£ is equal to ?§ (Bk. V. Prop, i, Cor. 2). 

therefor. I™ is equal to™. 

But BK is equal to EM, and consequently BAK is equal 
toEDM (Bk. II. Prop. 9); 

therefore 



\ 



' EDF ^ EF 

J BAC ,, _„,, ,„ BC 
BAK 
» BAC - _„„ ,„ BC 



and -f- is equal to --^, 



(Bk.V. Prop. 11). 

Next, let BC and EF be incontntensvrable. 

In this case we know from Book V. {Note, p. 16+) that we 
may always find an arc ER as nearly equal as we pUase 
to EF, and such that BC and ER are commensurable. 

Join DR, then, by the first part of this proposition, we 
know that 

BAG ■ 1 , BC 

And this being always true will be true in the limit when 

R moves up to and as nearly as we please coincides with F ; 

therefore |i£ is equal tog. 

This proposition is true lot angles of any magnitudi 
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whatever, i.e. whether greater or less than two right angles 
(Bk. II. Note, p. 74). 

Corollary 1, — Since the angle at the centre of a circle is 
double of the angle at the circumference subtended by the 
same arc, and since magnitudes have to one another the 
same ratio that their equimultiples have, it follows that in 
equal circles angles at the circumferences are to one another 
in the same ratio as the arcs by which they are subtended. 

Corollary 2. — The same reasoning in all respects applies 
to angles and arcs in the same circle, whether the angles be 
at the centre or the circumference of that circle. 

Corollary 3. — It follows from tlie reasoning of this proposi- 
tion, that if there be four magnitudes such that, when the 
first and third are divided into the same number of equal 
parts, the second magnitude is the same multiple of each 
aliquot part of ^ejirst, which the fourth is of each aliquot 
part of the third, then the ratio of the first magnitude to 
the second is equal to the ratio of the third magnitude to 
the fourth. 

PROPOSITION 2. 
Tlie areas of parallelograms and triangles betiveen the satiie 
parallels are to one another in the sa7iie ratio as tlieir bases. 



isL Let ABCD and EFGH be two parallelograms be- 
tween the same parallels, AF and DG, then shall 
»'»0fAC. .,„AB 
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Let AB and EF be commensurable. 

Take AK, any common measure of AB and EF, and lef 
EP be equal to AK. 

Because AK is a measure of AB therefore AB may be 
divided into a certain number of equal parts, AK, KL, &c., 
in the points K, L, &c. ; and similarly, EF may be divitted 
into a certain number of equal parts, EP, PQ, &c., 
points P, Q, &c. 

Complete the parallelofirams AM, KN, &c., ER, PS, &c., 
as iii the figure. 

Because the parallelograms AM, KN, &c, are on equal 
bases, and between the same parallels, Lherelbre their areas 
are all equal (Bk. IV. Prop. 5), 

therefore AB and the area of AC are equimultiples of AK 
and the area of AM. 

Similarly, EF and the area of EG are equimultiples of EI 
and the area of ER. 

But EP is equal to AK, and consequently the area of 
ER is equal to the area of AM ; 
therefore EF and the area of EG are equimultiples of the 
same aliquot parts of AB and the area of AC respectively; 
therefore ^reaofAC ^^ ^^ ^^ AB 
area of EG ^s 

(Bk. VI. Prop, r, Cor. 3). 

The proof may be extended to the case in which AB and 
EF are incommensurable, by reasoning similar to that em- 
ployed in the last proposition. 

and. Because the area of a triangle is half the area of a 
parallelogram upon the same base and between thi 
parallels, and because magnitudes have the same ratio to 
one another which their equimultiples have, therefore the 
areas of triangles between the same parallels are to om 
another as their bases. 

Corollary t.— If ABCD and EFGH be two parallelogram! 
having the angle at A equal to the angle at E, and the side 
AD equal to the side EH, and if the point K be taken upon 
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AB or AB produced so that AK is equal to EF, aud if KL 
be parallel to AD, then the area of ALis equal to the area 
of EG (Bk. IV. Prop. 2) ; 



tlierefore - 



a of AC . 
" area of AL ' 



s equal ti 
s=,«alto^°i.e.to'^; 



area of AC - 

therefore ^^-^L^C ;, „ ^ 

area of EG ^ AK 

therefore if two equiangular parallelograms have a side of the 
tme equal to a side of the other, their areas shall be to another 
in the ratio of the remaining side of the one to the ranalning 
lide ef the ether. 

Corollary 2. — Since the area of any given parallelogram is 
equal to the area of the rectangular parallelogram whose 
adjacent sides are the base and altitude of the given paral- 
lelogram (Bk. IV. Prop. 9), it follows from Cor. i that the 
areas of two parallelograms with equal altitudes are to one 
another in the ratio of their bases, and the areas of two 
parallelograms with equal bases are to one another in the 
ratio of their altitudes, and similarly for the areas of two 
triangles. 



PROPOSITION 3. 



Equiangular parallelograms are to 0. 
eotnpounded of the ratio of their sides. 

Let ABCD and EFGH be nv( 
lelograras, then shall 



•■e another in the ratio 



equiangular paral- 
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Let KLMN be a parailelogram equiangular with AC and 
EG, and having the sides KL and KN equal to EF and 
AD respectively. 



ij 



By the last proposition, Cor. 
area of AC ■ ^ 
area of KM ^ 
, area of KM 
area of EG 

area of AC 
area of EG 



and — - - 
area ol 

therefore - 



equal tojjji., 
is equal to 



Corollary. — If the parallelograms become squares, AB is 
equal to AD and EF to EH, and therefore ^^^2 
, . AB AB 

therefore the squares upon two straight lines are to one 
another in the square of the ratio of the two lines (see 
Dcf 60). 



PROPOSITION n 

If four straight lines be proportionals then the rectangle of 
the extremes shall be egualtothe rectajigle ofthemeans; and 
if the rectangle of two straight lines he equal i, 
of two other straight lines, then tltese four straight lines shall 
he proportitmat, the adjacent sides of one of the rectangles I 
the extremes, and those of the other rectangle tlie means in ik^ 
proportion. 
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I. Let A, B, C and D be four straight lines, such that the 
ratio = is equal to ihe ratio y, then shall the rectangle of 
A and D be equal to the rectangle of B and C. 

Fig. S- 



Because the rectangle of A and D is the area of the 
rectangular parallelogram of which A and D are adjacent 
sides, and similarly for the rectangle of B and C, 

., , rectangle of A and D . i . A D 

therefore 5 — _ _ _- is equal to - x — 

rectangle of B and C B C 

l^last Prop). 

Because — is equal to - therefore is equal to - 

Uimfore rJcMjteof A and D j^ ^^ ,, A B 
rectangle of B and C B A 

But ^x? is equal to t {Bk. V. Prop. 8, Cor. i), 

therefore the rectangle of A and D is equal to the rectangle 

of B and C. 

i. Let A, B, C, and D be four straight lines, such that the 

rectangle of A and D is equal to the rectangle of B and C, 

then shall the ratio be equal to the ratio . 

If ^ be not equal to £ let E be a straight line such that 

- is equal to g. 

therefore the rectangle of A and E is equal to the rectangle 
of B and C, by the first part. 
But by h>-pothesis the rectangle of A and D is equal to 
the tectangle of B and C, 
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therefore the rectangle of A and D is equal to the rectangle 

of A and E. 
But if two parallelograms with equal areas be on the same 
base they must be also between the same parallels, 

therefore D is equal to E, 

A . C 

therefore ^ is equal to — . 

B D 



PROPOSITION 5. 

If a straight line be drawn parallel to one of the sides of a 
triangle it shall cut the other two sides or those sides produced 
proportionally ; and if two of the sides, or the sides produced, of 
a triangle be cut proportionally, the straight line which joins 
the points of section shall be parallel to the remaining side of 
the triangle. 

Fig. 6. 





E B 




I St. Let the straight line DE be parallel to BC, one of the 

sides of the triangle ABC, then DE shall divide the sides AB 

and AC, or these sides produced proportionally, i.e. so that 

AD . w AE 

-.^-- IS equal to .,=r=. 
DB ^ EC 

Join CD and BE. 

Because the triangles BDE and CED are upon the same 
base DE, and between the same parallels DE and BC, 
therefore their areas are equal ; 

., c area of ADE . , . area of ADE 

therefore ttStat:' ^^ ^^^^ ^^ rt^^xv 

area of BDE ^.x^a. of CED 
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therefore - 



But because ADE and BDE have the same altitude, i 
the perpendicular from E upon AB, 
area of ADE - 
area of BDE 
(Bk. VI, Prop. 1 
area of AD E ■ 
''' area of CED" " 



s equal to 



Similarly, - 






icd Let 



AD 



■ DB 



therefore ^-^ is equal 
s ^^ equal to ^- 



AE 
EC' 



EC 



then shall DE be parallel to BC. 
Join BE and CD. 
It may be proved, as in the first part, that 

area of ADE . i . AD . - ^ 

^fs^OTde'^^'1"'^^'°db^"""'^^ 

area of ADE ^^^^^^^AE 
areaofCED ^ EC 



But by hypothesis 



equal to 



therefore - 



;; is equal to - 



_of ADE 
of CED' 

irea of CED, 



^ area of ADE 
a orBDE 
therefore the area of BDE is equal to the 
therefore the triangles BDE and CED 
are upon the same base and have tlie 

therefore DE is parallel to BC (Bk. IV. 
Prop. 8). 
Corollary. — It follows from this 
Proposition that if two intersecting 
straight lines, as AB and CD, be cut 
by a series of parallel straight lines, as, 
for instance. FG, HK, LM, &c.. on 
one side of their point of intersection, 
and by fg, hk, Im, &c., on the other 
side of that point, then theysl\aU be dwv4ci-^ia'$a«>KiQsi&^ ^ 
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that is to say, the ratio of any pair of segments of A1 

be equal to tJie ratio of the corresponding pair of segments 

of CD ; so that 



HL 

E/ 






„GK, 



s equal to 
For by the Proposition 

g« is equal to; 

therefore |~ is equal to ~ (Bk. V. Prop. 9). 
MK 



therefore - 



FH 



s equal to 



GK' 



and similarly for any other corresponding pairs of segments 
whatever. 

Note. — ^When, as in this case, there are two sets cf magni- 
tudes, A, B, C, &c., and a, b, c, &c, such that 



s equal to ,, -=; is equal to 
b G 



b C 



s usual to express this relati 

A : B : c, &C. •.■.a:&:e, 



PROPOSITION 6. 



follows ; 



/fa ^'cn finite straight line be produced indefinitely in both 

directions, it shall be always possible to find two points, ont' 

sitttaied upon the gii'en straight line, and the other upon thai 

fine produeedt suck that the distances of either of these pointi 

\^jt^»mt/ie «;ctrcmititi of the s""^ ttrn^ lineawi^i 



r 
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other in a certain given ratio; and both of these poinis shall be 
situated upon the same side of the point of bisection of the givjti 
line. 

Let AB be a given finite straight line of which O is the 
middle point, and let L and M be two straight lines whose 

Fig, 8, 



ratio is equal to any given ratio, then if the straight line AB 
be produced indefinitely in both directions it shall be always 
possible to find two points, one on AB, and die other on 
AB produced, such that the ratio of the distances of each of 
these points from A and B respectively is equal to the ratio 
of L to M, and both of these points shall be situated on the 
same side of O. 

Let L be less than M. 

Because L is less than M, therefore L+M is greater 
than 2L, 

therefore the ratio -, -r is less than A. 

L-t-M ■' 

Suppose a point P to move along the line AB from A 
towards B. 

Because PA is zero when P is at A, therefore the ratio 



Because PA increases continuously as P moves from A to 

therefore also the ratio — — increases continuously as P 

AB ■' 

oves from A to B. 

Because PA is equal to one half of AB when P is at 0, 
therefore the ratio ^-^ is equal to ^ in that case. 
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PA 

therefore the ratio — - passes through all values between 

AB 

zero and ^ as P moves from A to O. 

But we have proved that the ratio = — ^— has some value 

L + M 

between zero and ^, 

PA ^ 

therefore the ratio — *^ is equal to the ratio 



AB ^ L + M 

for one position of P between A and O. 

Let this position be the point C. 

CA L CA 

Because - -^ is equal to = — — , , therefore -r-=r — >q-r is 
AB ^ L+M' AB — CA 

equal to-— (Bk. V. Prop. 9), 

CA L 

that is —- is equal to — - , 

CB ^ M ' 

therefore there is one point between A and O, such that the 
ratio of its distances from A and B respectively is equal to 

the given ratio — = . 

Next suppose the point P to move along AB produced 
towards A, then it may be proved by reasoning similar to 
the preceding that there is one position of P on this pro- 

PA 

duced part of AB, such that the ratio — - is equal to the 

AB 

ratio 



M-L 

Let this position be the point D. 

Because - - is equal to ^>— v- > 
AB M-L 

DA L 

therefore -t^ft- -w i is equal to ~ (Bk. V. Prop, o), 
AB + DA ^ M ^ ^ ^" 

^, ^ . DA . w L 

that IS - IS equal to , 

DB ^ M' 

therefore there is one point on the line AB produced towards 
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A, such that the ratio of its distances from A and B respec- 
tively is equal to the given ratio - . 

If L be greater than M, then it piay be proved by reasoning 
in all respects similar to that employed above that tliere are 
two points, one upon OB, and tlie other on AB produced 
towards B, such that the ratio of the distances of each of 
these points from A and B respectively is equal to tlie given 

. L 

ratio - -. 

M 

DEFINITIONS. 

64. — When a point is taken upon a given finite straight line, 
such that the ratio of its distances from the two extremities 
of the given line to one another is equal to a given ratio, 
the given straight line is said to be divided iftiemally at that 
point in the given ratio. 

6s , — When a point is taken upon one of the produced por- 
tions of a given finite straight line, such that the ratio of its 
distances from the two extremities of the given line to one 
another is equal to a given ratio, the given straight line is 
said to be divided exitnially at that point in the given ratio. 

Thus, in the last Proposition the straight line AB is 
divided internally aX the point C, and cxterjially at the point 

D, in the ratio . 

When a straight line is said to be divided in a given ratio, 
without further description, it is assumed that the division is 
internal. 

Note. — It results from Proposition 6 that a straight line 
may always be divided in a given ratio in two points, in one 
point internally, and the otlier point externally. We now 
go on to prove that a straight line cannot be divided in a 
given ratio in more than two points. 
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PROPOSITION 7. 

A givm finite straight line cannot be divided in a giz'en ratio 

in more than two points, vie., in one point internally, and up 

the other poifU externally. 

Fig. 9. 



Let AB be the given finite straight line, then 

1st. It is not possible to divide AB internally, in anj 

given ratio, in more than one point 

If possible, let P and Q be two points, each dividing AB 

internally in the same given ratio, 

tlierefore ^ is equal to ^. 



s equal to 



AQ 
AQ+QB 

.. -^ .. .^„-. .J ^g, 

therefore APand AQhave, each of them, the same ratio to AB. 

Therefore AP is equal to AQ, 

therefore the points P and Q coincide. 

and. It is not possible to divide AB externally in more 
than one point in any given ratio. 

If possible, let R and S be two points, each dividing AS- 
externally in the same given ratio, and let them be situated 
on the same produced part of AB, as for instance on AC, 
therefore =-j- is equal to -^si 

therefore ^j^ is equal to ggM_ (Bk. V. Prop. 5^1 

. AR . , . AS 

'■=-AB '""l"'"" AB' 
therefore the points R and S coincide. 

It is self-evident that the points R and S cannot divide 

AB externally in the same given ratio, when R and S are 

situated the one on the proA^cc^ V^"- ^^i '^'^ ^^ 

the produced part BD. 
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DEFINITIONS. 

66. — When any four points are situated in the same straight 
line they are said to constitute a rat^e. 

67. — When the straight line bounded by two of these points 
isdivided bythetwo remaining points, tar/rffTidZ/f and internally 
in the same ratio, the range is called an Imrmonic range, and 
tlie straight line is said to be divided harmonically. 

68. — The ratio which is equal to the quotient of the ratio of 
external division divided by the ratio of intenixU division is 
called the anharimnic ratio of the range. 

Fie. .a 



Tiius in Fig. 10, the points A, B, C, D, constitute a range. 



i called 



called an harmonic range. 

'^'""^'"' *"'""'""" CD ' 
the aoharmonic ratio of the range. 

Hence when the anharmonic ratio is unity, the range is 
an harmonic range. 
iVtfC^.— Since ^^ divided by ^^ is equal to -J? mulri- 
..CD 



DC , 



plied by 

And since ^^ multiplied by ^^ is equal to 

RA T)C RC 

tiplied by ^^, i.e. to - - divided by - , it follows that the 

anhannonic ratio of the range A, B, C, D, is the same 
whether we regard BD as divided externally and internally 
by A and C, or AC as divided exleniallv and u&.eroai'j'wt 
B and D. ^^ 
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If the points B and D be fixed, and tlie points A' 
move in such a way that A, B, C, D is always an hannonic 
range the points A and C are called harmonic conjugate 
mth respect to the line BD, and it follows that the points 
B and D are also harmonic conjugates with respect to the 
line AC. 

PROPOSITION 8. 

If the vertical angle of a triangle be bisected by a slraiglit 
line which also cuts the base, the segments of the base shall have 
to one another the same ratio that the adjacent sides of the tri- 
angle have, and if a straight line drawn through the vertical 
angle of a triangle divide tlie base into segments which hmt to 
each other the same ratio' that the adjacent sides of the tri- 
angle have, then that line shall bisect the vertical angle of the 
triangle. 

I St. Let the vertical angle BAG of the triangle ABC be 

-. bisected by the straight line 

AD which meets the base in D, 

then shall the ratio ^= be 

equal to the ratio ?p. 

Through B draw BE parallel 
to AD, then if CA and BE 
be produced they must meet in some point, let them meet 
in E. 

Because EB is parallel to AD, therefore the angles AEB 
and ABE are equal to the angles CAD and BAD respectively 
(Bk. I. Prop. 19). 

But by hypothesis BAD is equal to CAD, 
therefore ABE is equal to AEB, 
therefore EA is equal to BA. 
Again, because AD is parallel to EB a side of the triangle 
GEE, 
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therefore JJ is equal to ^ 

But EA is equal to B.\, 

therefore 5^ is equal to ^. 

ind. Let =^ be equal to — , then shall the angle E.-VC 

be bisected by AD. 

For if not let, if possible, AG bisect the angle BAC, 
Then it follows from what has been already proved tliat 

therefore 1| is .,.d.„5P 

and this is impossible by Prop. 7. 

Therefore no straight line other than AD can bisect the 
angle BAC. 

Therefore AD bisects the angle BAC. 

PROPOSITION 9. 

If the exterior angle of a triangle, made by proiiuctiig one 
of its sides, be divided into two equal angles by a straight line 
which also cuts the base produced, then the base shall be dividtd 
txiemally in the point of inlersection into segmenls which hinr 
to one anotfier the sa>ne rath that the adjacent sides of tin- 
trioHgU have; and if the base of a triangle be divided ex- 
ternally into s^ments which have to one another the same ratio 
that the sides of the triangle have, the line joining the point of 
elivisim with the vertex of the triangle shall bisect the exterior 
an^e at thai vertex. 

1st. Let theexterior angle BAEofthetriangle ABC, made 
by producing the side CA to E, be bisected by the straight line 
AD which meets the base BC produced in D, then shall the 
ratio r=j^ be equal to the rario ^, 
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^mm 




\ 



Through B draw BF parajlel to AD, and let BF meet AC 
in F. 

Because AD is parallel to FB, therefore the angles DAB 
and DAE are equal to the angles ABE and AFB respectively 
(Bk. I. Prop. 19). 

But by hypothesis DAB b equal to DAE j 

therefore ABF is equal to AFB, 

therefore AF is equal to AB, 

Again, because BF is parallel to DA, a side of the triangle I 
CDA, therefore p-, is equal t 



DC 



AC 



But AF is equal to BA, 

, . DB . 1 . BA 

therefore =-;, is equal to ^y^. 



^ be equal to |^, then shaU DA bisedj 

T angle BAE. 
For if not let, if possible, AG bisect the angle BAG. 
Then it follows from what has been already proved tliat 



equal to 



BA 
AC 

therefore — p "s equal to =-^, 

imd this is impossibk by "EioB' 1- 



GB ■ 
GC 



_GB : 
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Therefore no line other than AD can bisect the angle 
BAE. 

Therefore AD bisects the angle BAE. 

Corollary. — It follows from the two preceding Proposi- 
tions, that if the interior and exterior angle between any 
two sides of a triangle be respectively bisected by two 
straight lines, each of which meets the third side of the tri- 
angle, then the two points of intersecdon of these lines with 
this third side will form, with the two remaining angular 
points of the triangle, an hannonic range. 

Fig. 13. 




For if the angles BAG and BAD, Fig. 13, be respectively 
bisected by the straight lines AE and AF, each of the ratios 
Tip F"R "RA BF 

— — and =-^ is equal to — ,^, and therefore ^ is equal to 



FC- 



PROFOSITION I 



If a triangle be inscribed in a circle and a diameter bedrctwn 
perpendicular to one of the sides, then the remaining two sides 
produced when necessary, shall divide this diameter harmo- 
nically; and, inversely, if two of the sides of an inscribed tri- 
angle divide any diameter of the circle harmonically, the third 
side shall be perpendicular to this diameter. 

ist Let ABQ be a circle, PQR any triangle inscribed in it, 
and AB the diameter perpendicular to PQ, 
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Let AB be divided interaaily in C and externally in D b 
the side QR and the side PR produced, ihen shall AE be 
divided harmonically in the points C and D. 

Join AR and BR. 
^^- '■*■ Because PQ is perpen- 

dicular to AB, therefore 
tile arc AP is equal to the 
arc AQ, 

therefore the angle AR 

is equal to the angleARQ; 

that is, AR bisects th« 

angle PRQ. 

Because ARB is a semi; 

circle therefore ARB is a right angle. 

Because the exterior angle CRP of the triangle CRD i 
bisected by RA, and RB is perpendicular to RA, therefoii 
the interior angle CRD is bisected by RB. 

Therefore the points A, C, £, aod D form aa hannoQU 
range, or AB is divided harmonically in C and D (Bk. VI, 
Prop. 9, Cor.). 

2nd. Let PQR be a triangle inscribed in the circle ABQ, 
and let the diameter .^.B be divided harmonicaUy by the 
sides PR and QR in the points D and C, then shall FQ bei 
perpendicular to AB. 

For if not, let, if possible, QS be perpendicular to AB. 

Join SR and produce it to meet AB produced in E. 

By the first case it follows that AB is divided harmonically 

in C and E, or that ^-| is equal to ^-|. 



EA " 

.CB. 



CA' 



But by hypothesis ^^ is equal to 



DB 



therefore the points D and E coincide {BL VI. Prop. 7), 
therefore the points S and P coincide ; 
therefore PQ. is ][i(;r^t;;adicuUi to AB. 
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PROPOSITION II. 

The locus of a point whose distances from two fixed points 
are to each other in a given ratio is a certain circle. 

Let A and B be two given points, and let D be a point 
on AB such that ^ is equal to a certain given ratio, and 

let AD be less than DB. q Fig. 15- 

Produce BA to C so 

that w nnay be equal 
to =^, which is always 

possible, aswe know(Bk. 

VI. Prop. 6) then shall 

the circle described upon 

CD as diameter be the locus of a point whose distances 

from A and B are to each other in the given ratio -=^^. 

l^t P be a point, not on EC, and such that p-^ is equal 

to the given ratio. 

Join CP, AP, DP, and BP, and let BP be produced to Q. 
Because J-^ is equal to ^, 

therefore PD bisects the angle APB. 
And because ^^ is equal to - , 

therefore PC bisects the exterior angle APQ ; 

therefore CPD is a right angle ; 

therefore P is a point on the circle whose diameter is CD. 

Again, let P be a point on the circle whose diameter is 

CD. 

Because the points C, A, D, and B^ iorm. ^-ci. "\i3SKi.twsi.t 
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range, therefore, by the last Proposition the e 
bisected by CP; 



therefore = 

But '^% is equal to gl 

therefore . 



. is equal to ^ 



, CA. 



Therefore the locus of the required point is tlie circle upoi 
CD as diameter. 



PROPOSITION la. 

If a diameter of a circle be divided harmonically, and a /in 
perpendicular to the diameter be drawn through the intern^ 
point of division, then any line drawn through the e. 
point of diiision so as to cut the circle, shall meet the drek a. 
the aforesaid perpendicular in three points, forming witktX 
external point of dimsion an harmonic range. 

' Let the diameter AB of the circle ADB be divided h 
monically in the points 
andF. 

Through F the 
point of division, draw DFI 
perpendicular ti 
through C draw CGHK 
meeting the circle in G ar 
K and the line DF in H. 

Then shall C, G, H, at 
K form an harmonic range. 
Join FG and FK, 
Because AB is divided harmonically in C and F, therefot 
CF is also divided hannonically in A and B. 

Therefore the circle ADB is the locus of points wh( 







Book VI. — Miscellaneous Propositions. 197 

distances from C and F are to each other in the ratio '-^^ 
(last Prop.), 

therefore -^ is equal to ^.-^ ; 

therefore ^-£ is equal to ^ (Bk. V. Prop. 9) ; 

therefore CF bisects the exterior angle between GF and KF 

(Bk. VI. Prop. g). 

But FD is at right angles to FC, 

therefore FD bisects the interior angle between GFand KF; 

therefore C, G, H, and K fonn an harmonic range 

(Bk. VI. Prop. 9, Cor.). 

PROPOSITION 13. 

If a diamder of a circle be divided harmonically, and through 
the external point of division c straight line be draian perpen- 
dicular to that diameter, then every straight line drawn through 
the internal point of division shall meet the circle and the 
aforesaid perpendicular in three points, forming, with the in- 
ternal point of division, an harmonic range. 

hi^t the diameter AB of the circle ABF be divided har- 
monically in the points C and 
D, and through D, the exteraal 
point of division, draw DE at 
right angles to AD, and through 
C draw any straight line GCFE 
cutting the circle and the Une 
DE in the points G, F, and E, 
then shall the four points G, C, F, 
and E form an harmonic range. 

As in the last Proposition, we may prove that the circle 
ABF is the locus of points whose distances from C and D 
are to each other in the given ratio ^=- ; 




Geometry. 
therefore -.- is equal t( 



■^FC*' 



FD' 



therefore DC bisects the angle GDF. 
But DE is at right angles to CD, 
therefore DE bisects the exterior angle between GD and FD 
therefore G, C, F and E form an harmonic range. 

DEFINITION. 

69. — If the diameter of a circle be divided hannonicaliy, 
the straight Une drawn at right angles to this diameter throu^ 
either point of division is called \h&polar of the other poin 
of division with respect to the given circle. 

Thus DE (Figs. 16 and 17J is the polar of the poinf ( 
with respect to the circle ABF. 

The point C is called thefoU of the line DE. 

PROPOSITION 14. 

The polar of a point external to a given circle is the straigh 
line which joins the points of contact of tangents to the e 
from the given point. 

Let A be the given point and BDC the given circlqi 
draw AD and AF, touch- . „ 

ing the circle in D and 
F, and join DF, cut- 
ting AC, the line from A 
through the centre, at 
right angles in E. 

Join DB and DC, then 
the angle DCE is equal 
to the angle ADB (Bk. 
11. Prop. 2i). 

But DCB is equal to BDE because each of these angles 
is the complement of the angle DEC, 

therefore ADB is equal to BDE i 
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therefore BD bisects ADE and BDC is a right angle ; 

therefore DC bisects the angle between DE and AD 

produced ; 

therefore A, B, E, and C form an harmonic range, therefore 

DE is the polar of A. 



I. If the sides of a quadrilateral be bisected, prove that 
the lines joining the points of bisection taken in order form 
a parallelogram whose sides are parallel to the diagonals of 
the quadrilateral. 

3. If A_B be bisected in M and divided internally in C 
and externally in D into segments which have the same 
ratio, prove that AM or BM is a mean proportional to MC 
andMD. 

3. If lines be drum parallel to the base of a triangle, 
forming with the base and the segments of the sides a series 
of trapezoids, prove that the line joining the vertex with the 
middle point of tlie base will be the locus of the intersec- 
tions of the diagonals of all tliese trapezoids. 

4. ABC is an equilateral triangle and E a point on AC ; 
on BC produced lengths CD and CF are taken respectivdy 
equal to CA and CE, and the lines AF and DE are drawTi 
intersecting in H ; 

prove tta,|C is ecualto-^^^gj.. 

5. AB and XY are any two straight lines ; AB is divided 
at C in the ratio whose numerator and denominator are m 
and n respectively, and from the points A, B, and C, the 
lines AD, BE, aiid CF, are drawn perpendicular to XY ; 

prove that (ffi-l-w)CF is equal to hAD + mBE. 

6. Prove that a straight hne can only have one pole with 
respect to a given circle. 

What is the pole of a tangent to the diclel 
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7. If any number of points be taken on a given s 
line, prove that the polars of these points with respect to i. 
given circle all pass through the pole of this line. 

8. If any number of lines all pass through the same poin^ 
prove that the poles of these lines all lie on the polar of this 
point. 

9.* If there be two luminous points whose powers of 
illuminating a point equally distant from each are in tht; 
ratio — , find the locus of a point in a plane containing 
them which is equally illuminated by them. 



Section II. — On Similar Rectilinear Fici.*res, 
DEFINITIONS. 

70. — ^Two polygons are said to be similar when— 

ist. To every angle of the one there exists 
sponding equal angle of tiie other, and 

and. The sides adjacent to any pair of corresponds 
angles of the one are proportional to the sides adjacent 
the two corresponding angles of the other. 

71, — A side of one of two similar polygons is said to 
homologous to a side of the other, when the angles adji 
to the side of the one polygon correspond to the angli 
adjacent to the side of the other. 

Thus if the two pentagons + ABCDE and FGHKL hai 
the angles at A, B, C, D, and E respectively equal to tl 

• The illuminatinE power of a. luminous poiut dimiukliea in the 1 
VErse square of the distsjice, i.e. IT A be the iumiDOUG point, then t 
illumination produced by it at P is to that at Q as sq. ot AQ is to sq. 
AP. 

t Polygons with five sides are called pentagons, with sji sid 
hexagons, witli seven sides heplagens, and so oa, from the Greek w 
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angles at F, G, H, K, and L, and have also the ratios - 
'■ respectively equal to the ratios -r 



BC CD 

CD' DE' 

GH HK 
HK' KL' 



lese pentagons will be similar. 
Fig. 19. 



The angles at A, E, C, D, and E are corresponding 
angles to the angles at F, G, H, K, and L respectively, and 
the sides AB, BC, CD, DE, and EA are homologous to 
the sides FG, GH, HK, KL, and LF respectively. 

Note. — It is particularly important to remember that two 
conditions are required in order to satisfy the definition of 
similarity given above, om is the existence of corresponding 
equal angles in the two polygons, and tlie oilier is the propor- 
tionality of the homologous sides. 

In every rectangular parallelogram all the angles are right 
angles, but all rectangular parallelograms are not on this ac- 
count similar figures. For example, the ratio of the sides 
containing each of the angles of a square is a ratio of 



equality, in all other rectangular parallelograms besides 
squares the adjacent sides are unequal 
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Thus, the rectangular parallelograms a and b are not similar 
figures. 

Again, the ratio of the sides containing every angle in 
any rhombus is a ratio of equality, but every rhombus is 
not on that account necessarily similar to every other 
rhombus, because the angles in the one are not necessarily 
equal to the angles in the other, each to each. 





Thus each of the figures e and // is a rhombus, but they 
are not similar figures. 

It will be proved hereafter that in the case of triangles 
the two conditions merge into one ; or that one condition 
implies the other. 

PROPOSITION 15. 

If there be two simitar polygons^ the ratio of the perimeter 
of one polygon to the perimeter of the other shall be equal to the 
ratio of any side of one polygon to the side homologozis to it of 
the ot/ier. 

Let ABCbE and FGHKL be two similar pentagons, such 

that the angles at A, B, C, D and E correspond to the 

angles at F, G, H, K and L respectively, then shall the ratio 

perimeter of ABCDE , , .^ .1 ^ _.. AB 

^—. ^^^-yyvy^^ be equal to the ratio =,v^. 

penmeter of FGHKL ^ FG 
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equal to 



And similarly, each of the 
be proved to be equal to the ratio ^ 
,i,™r„„ AB + BC + CD + DE + EA . 

^"^^°'' f- g+gh+hk+ klTlf '' 

Therefore the perimeter of one pentagon is to the peri- 
meter of the other, as a side of the one is to the side homo^ 
logous to it of the other. 

Aiid similar reasoning may be applied to two sinajar 
polygons of any number of sides. 

Corollary.— In two similar polygons the ratio of any one 
side of the one to the homologous side of the other, is equal 
to the ratio of any second side of the one to the side homo- 
logous to tJiis second side of the other. 

PEFINITION, 
7z, — In similar polygons the ratio of a side of the one to 
the side homologous to it of the other is called the rai/o 
of iimilUude of the two polygons. 
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PROPOSITION 16. 

I/a line be arawn paralid to one side of a triangle, it will 
form, wUh the remaining sides or those sides produced, a 
second triangle similar to the first. 



Let DE be parallel to BC, a side of the triangle ABC, 
then shall the triangle ADE be similar to the triangle ABC. 
Through E draw EF parallel to AB, and let EF meet 
EC or BC produced in F, then BDEF is a paraUelogran), 
and therefore DE is equal to BF. 
Because DE is parallel to BC, 
therefore the angles ADE and AED are equal to- the angles 
ABC and ACB respectively (Figs. 2J, 23, and zj), 
therefore the triangles ABC and ADE are equiangular 

(Bk. I. Prop. (13, Cor.). 
Again, because the lines AB and AC are cut by the two 
parallels DE and BC, 

therefore ^° is equal to ^ (Bk. VI. Prop, 5, Cor.), 



AB ■ 



' AC ^ 



.AD 



therefore -= is equal to 

For a similar reason —^ is equal 
since BF is equal to DE, 

therefore =^ is equal 1 



AB 
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, AE . 1 . AC 



Because ^= as equal to ^^, and .^^ is equal to 



therefore ^° is equal to ^^; 

therefore the triangles ABC and ADE have corresponding 

equal angles, and the sides adjacent to these equal angles 

proportionals, 

therefore ABC and ADE are similar triangles. 

PROPOSITION 17. 
If two Mangles have two angles of the one respectively equal 
F two angles of the other, they shall be similar. 




Let ABC and DEF be tn-o triangles, having the angles at 
A and B equal to the angles at D and E respectively, then 
shall the triangle ABC be similar to the triangle DEF. 

If AB be not less dian DE, cut off AG equal to DE, and 
draw GH parallel to BC. 

Because GH is parallel to BC, therefore the correspond- 
ing angles AGH and ABC are equal. 

But ABC is equal to DEF, 
therefore AGH is equal to DEF. 

Because the angles at A and G and the side AG are re- 
spectively equal to the angles at D and E and the side DE, 
therefore the triangles AGH and DEF are equal in all their 
parts. 

Because GH is parallel to BC, therefore the triangle ABC 
is similar to the triangle AGH, 
therefore the triangle ABC is similar to the triangle DEF. 
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PROPOSITION 1%, 

If two triangles have an angle of the one equal to an angle of 
the other ^ and the sides containing tliose armies proportionals y 
the triangles shall be similar. 

Fig. 25. 





Let ABC and DEF be two triangles having the angles 

AB 

at A and D equal, and the ratio — ^ equal to the ratio 

AC-. 

DE 

-— , then shall the triangle ABC be similar to the triangle 

DEF. 
Make the same construction as in the last proposition. 

AG . 

Because GH is parallel to BC, therefore - is 

1. AH 
equal to t:=. 

AC 

But AG is equal to DE, 

DE AH 

therefore r-^ is equal to -r-^ . 
AJB AC 

Because by hypothesis _^ is equal to — ^, therefore 

DE . , ^ DF 

AB ^^ ^^"^ '^ AC' 

DF AH 

therefore —^ is equal to — ^ , 

AO AO 

therefore DF is equal to AH ; 
therefore GA, AH and the angle GAH are respectively 
equal to ED, D¥, and lYie an^^lLTiY , 
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therefore the triangles AGH and DEF are equal in all their 

parts. 
But the triangle AGH is similar to the tfiangle ABC, 
therefore the triangle ABC is similar to the triangle DEF. 



PROPOSITION 19. 

If two triangles have the sides about each of their angles pro- 
portionals they shall be similar. 

Fig, 26. 





Let ABC and DEF be two triangles having the ratios 

AB BC , CA , , ^, ,. DE EF , FD 

— — and — equal to the ratios , — and — = 

BC ' CA AB ^ W FD DE 

respectively, then shall the triangle ABC be similar to the 

triangle DEF. 

Make the same construction as in the two preceding 
propositions. 

Because AGH and ABC are similar triangles, 

therefore -r-=zz is equal to -r-^^. 
AH ^ AC 

But AG is equal to DE, 

therefore 7„ is equal to -r-^. 
AH AU 

But by hypothesis ~ is equal to ^p, 

therefore also . ^^ is equal to =r^, 

AH DF 

therefore AH is equal to DF. 
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therefore '^ is equal to ^ 



FE' 

.AH 
'HG 

But AH is equal to DF ; 

therefore HG is equal to FE 
therefore AG, GH and HA are respectively equal to DE, 
EF, and FD, 
* therefore the triangles AGH and DBF are equal in a 
their parts. 
But the triangle AGH is similar to the triangle ABC, 
therefore the triangle ABC is similar to the triangle DEF. 
Corollary. — It follows from the three preceding proposi- 
tions that 

ist. Two triangles in which the sides of the one are re- 
spectively parallel or perpendicular to the sides of the othi 
are similar triangks, 

znd. Two right-angled triangles which have an acute angltt 
of the one^qual to an acute angle of the other, are simi' 
triangles. 

PROPOSITION ao. 

If two straight lines be drawn through the same point 
as to cut a circle, the rectangle of the s^ments of one of them 
shall he equal to the rectangle of the si^mmts of the other. 

Let the two straight lines AB and CD be drawn through 
the point E {Figs. 27 and 28) so as to cut the circle ADBC 
in the points A and B, C and D respectively, then shall the- 
rectangle of AE and EB be equal to the rectangle of CE 
and ED. 

Join AD and CB. 

Because the angles DAB and DCB are in the same 
segment DACB, 

therefore they are equal to one another. 
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Because AED and BEC are vertically opposite angles 
in Fig. 27, and coincident angles in Fig. aS, therefore they 
are equaj to eax:h other. 





Because the triangles EAD and EBC have two angles of 
the one equal respectively to two angles of the other, there- 
fore they are similar ; 

therefore ^- is equal to =^ ; 

therefore, the rectangle of AE and EB is equal to the 
rectangle of CE and ED (Bk. VI. Prop. 4)- 

Corollary. — If, in the case of Fig. 28, the straight line 
EDC be supposed to revolve round E in such a way as to 
increase the angle CEA, the points C and D will at length 
approach to coincidence in one point, F and EF will be a 
tangent to the circle ; also, in this case, the rectangle of EC 
and ED becomes the equare of EF, and therefore we have 
this proposition, viz. 

If from a point withoul a circle two straig/il lines be drawn, 
erne of which cuts and l/ie other touches the circle, then ike 
rectangle of tlu segments of the cutting line shall be equal to the 
square of tlie touching line. 

PROPOSITION 21. 
If there be two similar polygons, and two points so situated 
thai when tlu first point is joined to the extremities of a side of 
DM ^ygon, aad tlu second to tlu extremiiia of the ii-ds. 
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homologous to it of the other, the triangles thus formed are rimilar, 
and similarly situated tvUh respeet to each polygon, that aid the 
triangles formed by joining each of these points with th^ ex- 
tremities of any pair of homologous sides, one from each polygon 

respalively, shall be also similar, and similarly situated. 
Fig. 2g, 





Let ABCDEandFGHKLbe two similar pentagons, such 
that the sides AB, EC, &c., of the one are respectively 
homologous to the sides FG, GH, &c., of the other. 

Al.'^o, let M and N be two points, "such that the triangles 
MBC and NGH are similar and similarly situated with 
respect to each pentagon, i.e. either both of them on the 
same sides of the lines BC and GH as the pentagons are, 
or both on opposite sides of these lines, then the triangles 
formed by joining M and N with the extremities of any 
pair of homologous sides one from each pentagon shall be 
also similar, and similarly situated with respect to each 
pentagon. 

Join M with D and N with K. 

Because the angles BCD and BCM are by hypothesis 
equal to the angles GHK and GHN respectively, 

therefore the angle MCD is equal to the angle NHK, 
. "C ^. equal .0™] 

GH f '^^ hypothesis, 



Because ■ 



and ^^w is equal to 



CD 



^IC 



hkJ 

equal to 



NH 
HKL' 
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therefore the angles MCD and NHK of the triangles 

MCD and NHK are equal to each other, and the sides 

about these equal angles are proportionals; 

therefore the triangles MCD and NHK are similar. 

It is dear that they are also similarly situated with respect 
to the two pentagons. 

the same way it may be proved that the pairs of 
triangles formed by joining M and N with the extremities of 
successive pairs of homologous sides in each pentagon 
respectively, are pairs of similar and similarly situated tri- 
angles ; and similar reasoning may be applied in the case of 
two similar polygons with any number of sides. 

Such points as M and N are called homologous points. 

Corollary i. — Corresponding angular points In the two 
polygons are also homologous points. 

Corollary a.^Two similar polygons may be divided into 
the same number of similar triangles, the vertices of the tn*o 
sets of triangles being homologous points. 



DEFINITION. 
73. — When two straight lines are so drawn that the extre- 
mities of one of them are homologous to the exti-emities of 
the other, they are called homologous lines. 



PROPOyiTION 21. 

In two similar polygons tlie ratio of any two homologous 
lines is equal to the ratio of similitude of the two polygons, 
and if one pair of lines be homoli^ous with another pair^ the 
angle between the first pair shall be equal to that between the 
secondpair. 

Let ABCDE and FGHKL be a pair of similar penUgpns 
in which AB and FG are a pair of homologous sides, a.wi 
' smd Nj P and Q be two paiis ol^iQmQ'^s^^raK^* 
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so that the lines MN and PQ when joined are a pair of 
homologous lines, then shall 

I St, the ratio ^ be equal to the ratio ^. 



Fig. 30. 





Complete the construction as in the figure. 

Because AMB and FPG are similar triangles, therefore 

the angles ABM and FGP are equal, and the ratio ^ is 

PG 

equal to the ratio .^;-^. 

rG 

Similarly, the angles ABN and FGQ are equal, and the 

AB FG 

ratio - - is equal to the ratio ^ . 

Because the angles ABM and ABN are respectively 
equal to the angles FGP and FGQ, 

therefore the angle MBN is equal to the angle PGQ. 

Because ^^ is equal to ^— ^"^-^3 ^^ ^^^ ^^ OG' 

therefore —-- is equal to -- -- . 
NB QG 

MB T^r^ 

Because MBN is equal to PGQ and -^^ is equal to 



NB " "^ QG' 

therefore the triangles MBN and PGQ are similar, 

*u f MN . w MB 

therefore -^ is equal to — ^ . 

PQ PG 

Because the triangles AMB and FPG are similar, 



r 
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., , MB . , . AB 

therefore j— is equal to =g, 

therefore ^^ is equal to A^. 

2nd. Let R and S be another pair of homologous points, 
then shall the angle MNR be equal to the angle PQS. 

It may be proved as before, that the triangles RNB and 
SQG are similar, and therefore that the angles RNB and 
SQG are equal. 

But the angle MNB is equal to the angle PQG, 
therefore the angle MNR is equal to the angle PQS. 

A similar proof holds whatever be the number of sides. 

Corollary. — If two similar polygons be so placed that atiy 
two sides of the one are parallel or perpendicular to the 
sides respectively liomologous to them of the other, then 
every side of the one will be parallel or perpendicular to the 
side homologous to it of the other. 

DEFINITION. 

7^, — When two similar polygons have their homologous 
lines all parallel, they are said to be similarly situated. 

When the homologous lines are parallel, and the polygons 
on the same side of them, the polygons are said to be 
similarly situated in the same direction, and when the homo- 
logous lines are parallel, and the polygons upon opposite 
sides of them, they are said to be similarly situated in 
opposite directions. 

PROPOSITION aj. 

TTte areas of two similar triangles are to one another in the 
square of the ratio of their homologous sides. 

Let ABC and DEF be two similar triangles, having the 
angles at A, B, and C respectively equal to the angles at 
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D, E, and F, then shaU the ratio — 



be equal to 



Complete the parallelograms BG and EH, then the areas 
of UG and EH will be respectively double of the areas of 
ADC and DEF respectively. 

Because BG and EH are equiangular parallelograms, 
therefore ^Jf^ |g is equal to ^^ x g (Bk. VI. Prop. 3). 

Because ABC and DEF are similar triangles, therefore 
equal to 



DE ■ 



EF' 
area of BG ■ 



. equal to 



EC BC - 

EF EF' ' 



. lo the 



square of ^. 

PROPOSITION 24. 

Tlie areas of (wo similar polygons are to one another 
square of the ratio of tliar liomglogous sides. 

Let ABODE and FGHKL be two similar pentagons, of' 

which AB and FG are homologous sides, then shall 

area of ABODE , , . ., r .:, .- AB 

■ ^.■.^.,.., -- be equal to the square of the ratio ^=. 

area of l-GHKL i i p^ 

Let M and N be a pair of homologous points, and let 

ll;em be joined with the angles in the respective pentagons 

as ia the figure, then the tdss^a MAB^ MBC| 8ixf^ 
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similar and equal in number to the triangles NFG, NGH, 
&c. (Bk. VI. Prop, ai, Cor. a.). 



AM 





Because MAB and NFG are similar triangles, 

.araaofMAB .^^„^ to the square of 



therefore - 



FN 



Similarly, - 
therefore - 



■^ is equal to the square of 



AM 



^ are a of MAE 
a of NFL 



', and so on 



area of NFG 
(Bk, VI. Prop. 33,) 

area of MAE ;^ 
''area of NFL 

_^4^fiisequalto- 
area of NJG art 

for each pair of corresponding triangles; 
therefore sti m of the areas of the trian gles at M 
sura of the areas of the triangles at N 
area of MAB - 
area of NP~G' 
that is ^^^_S^ ABCDE ^^ 
'areaof FGHKL 
A similar proof may be employed whatever be the number 
of sides of the two similar polygons. 

Corollary. — The areas of two similar triangles or two 
similar polygons are to one another in the ratio of the 
squares of their homologous sides. 

PROPOSITION 25. 

If three similar polygons be described upon the three sides of 
a right-angled triangle, having the sides of the triangle for 
homolegous sides of thepalj^ons, the area of the polygon upon 



; equal to 
equal to the square of - , 
?* is equal to the square of the ratio =; . 
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the hypothentise shall be equal to the sum of the areas of the 
similar polygons upon the other two sides. 

Let ABC be a triangle right angled at A, and upon its 

three sides let three similar poly- 
Fig. 33. gons be described, having the 
^ sides of the triangle for homo- 
logous sides of the polygon, then 
shall the area of the polygon 
upon BC be equal to the sum of 
the areas of the similar polygons 
upon AB and AC. 
Because AB and BC are homologous sides of similar 
polygons, 

therefore ^S^-S\yo\y%^_S^t^ j^ ^ ^^ ^^ ^^ ^^j^ 
area of polygon on BC 
square of AB ^j p ^ j 
square of BC ^ ^ ' 

Similarly, area of polygon on AC j^ ^ ^ ^^ ^^ ^^^ 
area of polygon on BC 
square of AC 

square of BC' 
, n area of polygon on A B + area of polygon on AC 

area of polygon on BC 
, square of AB + square of AC 
square of BC 
But square of AB + square of AC is equal to square of BC, 
therefore the area of the polygon on AB + the area of the 
polygon on AC is equal to the area of the polygon on BC 



Examples. 

I. If two triangles have one angle of the one equal to 
one angle of the other, and likewise one angle of the one 
supplementary to one angle of the other, the sides opposite 
to these angles respectiveVy \V\\\ \i^ ^To^oitioniiL 



r 



Siiitilar Rectilinear Fipircs. 2 1 y 

a. If the sides of one triangle make respectively with 
the sides of another triangle, angles equal and in the same 
direction, the two triangles shall be similar, 

3. Through A, one of the angles of the triangle ABC, a 
line AV is drawn parallel to the side BC, and another line 
ZXYV is drawn, cutting AB, BC, AC, and AV, or any of 
these lines produced in the points Z, X, Y and V respec- 
tively. Prove that VAZ and ZBX are similar triangles, and 
also VAY and YCX. 

4. ABCD is a j)aralleIogram, and the perpendiculars from 
its angular points upon the diagonals meet them in the 
points E, F, G, and H respectively. Prove that EFGH is 
a parallelogram similar to ABCD. 

5. ABC is a right-angled triangle having the angle A the 
right angle. A line is drawn perpendicular to the hypo- 
thenuse cutting AB and AC produced if necessary in D and 
F. Prove that the locus of the intersection of CD and EF is 
the circle whose diameter is BC. 

6. ABD is a circle of which AB is a diameter. From A 
the line AC is drawn perpendicular to AB, from any point 
C in AC the line CD is drawn touching the circle in D, DE 
is drawn perpendicular to AB and meeting AB in E, and 
EC is joined. Prove that DE is bisected by BC. 

7. ABCD is a parallelogram, and P and Q are any two 
points in a line parallel to AB. If PA and QB meet in R, 
and PD and QC in S, prove that RS is parallel to AD. 

8. Prove that the lines joining the angles of a triangle 
with the middle points of the opposite sides all pass through 
the same point, and also that this point divides each of the 
lines in the ratio of 2 to i. 

9. If perpendiculars be drawn upon any line whatever 
from the three angles of any triangle and the point found in 
the last example respectively, prove that sum of tiie three 
last perpendiculars will be one-third of the sum of the three 
first. 

10. Prove that in every triaiwle the d\s,^axL<:% <A ■&» cjfMxt 
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of the circumscribing circle from any one of the sH^^ 
eqiul to half the straight line joining the angle opposite to 
that side with the point of intersection of the three perpen- 
diculars drawn from the angles to the opposite sides. 

1 1, If two similar figures be similar and similarly situated, 
prove that the lines joining any two homologous points in 
the two figures all pass through the same point, 

12. If this point be called the centre of similitude, prove 
that the lines joining homologous points in similarly situated 
figures, are each divided by the centre of similitude into 
ments whose ratio is the ratio of similitude. 

N.B. — The figures are said to be similarly situated in 
same direction when the lines joining homologous points 
are divided externally in the centres of similitude, and to be. 
similarly situated in opposite directions when these lines are 
divided internally in tiiat point 



Section III. — On Regular Polygons. 

N.B. — The polygons treated of in this section are sup- 
DOsed to be concave polygons. 



75. — A regular polygon is one which is both equilateral 
and equiangular. 

PROPOSITION 26. 
All regular polygons which havt the same number of sides art 
similar. 

Because the sum of the angles of any pol)'gon, together 
with four right angles, is equal to twice as many right angles 
:is the figure has sides, and because the two polygons have- 
the same number of sides, thetefote the sum of the 



Regular Polygons. 219 

of the one polygon is equal to the sum of the angles of the 
other. 

Because the polygons are regular, therefore every angle 
in each polygon is equal to the sum of the angles in each 
divided by the number of sides in each. 

Therefore each angle of the one polygon is equal to each 
angle of the other. 

And because the ratio of the sides about every angle of 
each polygon is a ratio of equality, 

therefore the two polygons have corresponding equal angles, 

and the sides about these angles proportionals, therefore 

they are similar. 

DEFINITIONS. 

76. — A drcle is said to be described or cirmmscribed about 
a polygon when every angular point of the polygon is upon 
the circle, and in this case the polygon is said to be in- 
scribed in the circle, 

77, — A circle is said to be inscribed in a polygon when 
each side of the polygon is a tangent to the circle, and in 
this case the polygon is said to be describcj about the circle. 

PROPOSITION 27. 

It is a/ways possible to describe a circle about and to inscribe 
a circle in aiiy regular polygon. 

Let ABCDE be any regukr Fig. 34. 

pent^on, then a 

1st. It is always possible to de- 
scribe a circle ai30ut ABCDE. 

Bisect each of the angles at A 
and B by the straight lines AO, 
and BO, meeting at O, and join 
OE. 

Because the two triangles OAB 
tndOAE have the sides OA, AB, and tiae vo!3»&.^ MJ^-a 
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GAB of tlie one, respectively equal to the sides OA, AE, 
and the included angle OAE of the other, therefore they are 
equal in all their parts, 

therefore the angle OBA is equal to the angle OEA. 

But the angle CBA is double of the angle OBA ; 
therefore the angle CBA is also double of the angle OEA 

But the angle CBA is equal to the angle DEA ; 
therefore the angle DEA is double of the angle OEA. 

And in the same way it maybe shown that every angle of the 
pentagon is bisected by the line joining it with the point 0. 

Because the angles GAB and GBA are respectively halves 
of the equal angles EAB and ABC, 

therefore the angle GAB is equal to the angle GBA, 
therefore GA is equal to GB. 

Similarly, all the lines from G to the angular points may 
be proved to be equal to one another. 

Therefore the circle described with centre O and radius 
GA will pass through each of the angular points. 

2nd. It shall be always possible to inscribe a circle in 
ABCDE. 

Find the point G as in the last case, and from O draw OF 
and OG perpendicular to AB and BC respectively. 

Because in the two triangles OBF and GBG the angles 
OBF and GFB are respectively equal to the angles GBG 
and GOB, and the side GB is common, therefore the triangles 
OBF and GBG are equal in all their parts. 

Therefore OF is equal to OG. 

Similarly, it may be proved that the perpendiculars drawn 
from to each side of the pentagon in succession, are all 
equal to one another. 

Therefore the circle described with O as centre, and 
radius OF, will pass through the feet of all these perpen- 
diculars, and will touch each side in succession (Bk. II. 
Prop. 14). 

A similar proof may be employed whatever be the num- 
ber of sides in the two poVy^oxv^, 
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QiroHary i,— The centres of the circles inscribed ii 
circumscribed about a regular polygon coincide. 

CoroUaryi. — If there be two regular polygons, thei 
centre of the inscribed and circumscribing circle of the one 
is homologous to the common centre of the inscribed and 
circumscribing circle of the other. 

DEFINITION. 
78. — The common centre of the inscribed and circum- 
scribing circle is called the centre of the regular polygon. 



PROPOSITION 28. 

inscribe a regular polygon with any 
given number of sides in agiven circle. 

Let ABC be the given circle and F'g- 35- 

O its centre. j^ 

Conceive the circumference to be 
divided into as many equal parts 
as there are sides in the required 
polygon in the points A, B, C, &c 

Join AB, BC, Sic, thus forming 
an inscribed polygon with the re- 
quired number of sides. 

Because the arcs AB, BC, &c., are all equal, 

therefore the chords AB, BC, &c, are also equal, 
therefore the polygon formed by these chords 
is equilateral. 
Again, because each of the angles of this polygon is sub- 
tended by an arc differing from the whole circumference by 
the same magnitude, viz. twice the ate AB, 
therefore this polygon is equiangular (Bk. II. Prop, ri), 
therefore it is a regular polygon of the required number of 
sides inscribed in the given circle. 
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PROPOSITION 29. 



poly^in gft^^^l 



Fig. 3S. 




V ii always possible to describi a regulc 
'en number of sides about a given circle. 

Let ABC be the given circle whose centre is O. 

Conceive the circumference to be 
divided into as many equal parts 
as there are sides in the required 
polygon in the points A, B, C, &:c 
Through A, B, C,&c.,draw in sue 
cession tangents to the circle, viz 
FG, GH, HK, &C., thus forming i 
polygon with the required number- 
of sides circumscribing the given 
circle. 
Join AB, BC, CD, &c. 
Then each of the triangles GAB, HBC, KCD, &c., is an 
isosceles triangle (Bk. II. Prop. 20). 

Because GBH touches, and BA and BC cut the circle, 
therefore the angles GBA and HBC are equal to the angles 
in the segments cut off by BA and BC respectively. 

Because the arc BA is equal to the arc BC, therefore the 
angles in the segments cut off by BA and BC are equal, 

therefore GBA is equal to HBC, 
therefore the equal angles at B and A in the triangle GBA 
are equal to the equal angles at B and C in the triangle 
HBC, and the sides AB and BC are also equal, 

therefore the triangles GBA and HBC are equal in all 
their parts, 
therefore AGB is equal to BHC and HB is equal to BG. 
Similarly, it may be proved that all the angles of the cir- 
cumscribing polygon are equal to one another, and that the 
successive sides are bisected in the points of contact A, B, 
C, &Cf respectively. 
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Because HB is equal to HC, and that HG and HK are 
double of HB and HC respectively, 
therefore HG is equal to HK, and similarly for every other 

pair of sides, 

therefore the polygon fonned by the tangents is a regular 

polygon of the required number of sides. 

Corollary i, — It follows from the two preceding propo- 
sitions, that if four right angles be divided into any number 
of equal parts and lines be drawn from the centre of a given 
circle inclined to each other successively at an angle equal 
to one of these equal parts, then the chords subtending these 
angles will form a regular polygon inscribed in the circle, 
and the tangents drawn through each of these points will 
form a regular polygon circumscribed about the circle, the 
number of sides of each polygon being equal to the afore- 
said number of parts. 

Corollary 2. — All regular polygons circumscribing a circle 
with the same number of sides are equal to each other in 
every respect, and similarly for regular inscribed polygons. 



PROPOSITION 30. 

If a regular polygon be inscribed in a given circle, ami 
anollier regular polygon of the same number of sides as the 
former be described about the same circle, and if the number of 
sides of Ike polygons be increased indefinitely, remaining always 
equal in each, then the area of each of the polygons shall be 
ultimately equal to the area of the given circle. 

• Let O be tlie centre of the given circle, and let A be one 
of the angular points of a regular polygon inscribed in the 
I circle. 

Let PAQ be one of the sides of a regular polygon of 
the same number of sides as the former polygon, but de- 
scribed about the given circle. 
Join OA and OP. 




224 Geometry. 

Because OA and OP are homologous lines in the twa 
polygons J 

Fifi- 37- therefore ^^ _or describedpolygOT 

area of inscribed polygon 

square of OA 
Now let the number of sides be in- 
creased indefinitely, always remaining 
the same in each polygon, then the 
angle AGP will diminish indefinitely, 
tlie point P will approach to, and ultimately coincide 
with, the point A, and the square of OP will therefore be- 
come ultimately equal to the square of OA ; 

therefore ultimately the areas of the two polygons will 

become equal to each other ; 

therefore the area of the circle which is always intermediate 

between the areas of the polygons will become ultimately 

equal to the area of either of them, 



PROPOSITION 31- 

TAi: circumferences of two circles are to lach other as their 
radii, atid the areas of turn circles are to eaeh other as the 
squares of their radii. 

Let a regular polygon be inscribed in each circle, the 
number of sides in each polygon being tlie same. 

Because the polygons are regular polygons, with the same 

number of sides in each, therefore they are similar ; 

therefore the ratio of the perimeters of the polygons to one 

another is equal to their ratio of similimde, and therefore 

etjual to the ratio of the radii of the two circles. 

Let the number of sides in each polygon be increased 

without limit, then the length of each side will be indefinitely 

, diaiiBiislie<i, aad the perimeter of each polygon will ulu- 
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^mare^ become equal to the circumference of its circum- 
scribing circle (Note pp. 94 and 95), 

therefore the circumferences of tn-o circles are to 

one another as their radii. 

Again, because the polygons are similar, therefore their 

areas are to one another in a ratio equal to the square of 

their ratio of similitude, and therefore equal to the ratio of 

the squares of the two radii. 

Let the number of sides be increased as before, and then 
the area of each polygon will ultimately become equal to 
the area of the circumscribing circle (last Prop.). 

therefore the areas of two circles are to one another 
as the squares of tlieir radii. 



PROPOSITION 32. 

Tke area of a circle is equal to half the rectangle of ils 
radius and circumference. 

Let ABC be a circle whose centre Fiy- 3S. 

isO. A 

Let AB, BC, &c., be the sides of 
a regular polygon inscribed in the 
centre. 

Let OE, OF, &C., be perpendiculars 
drawn from O to the sides AB, BC. 
&C., in succession, then OE, OF, Sic, 
are all equal (Bk. II. Prop. 7). 

Because the area of the polygon is equal to the sum of 
the areas of the triangles OAB, OBC, &c., therefore it is 
equal to one-half the sum of tlie rectangles of OE and AB, 
OF and BC, and so on. 

But this latter sum is equal to the rectangle of OE and 
thesum AB-I-BC + &C. (Bk. IV. Prop. 11). 

Now let the number of sides of the polygon be increased 

[ without limit, then the sum AB-|-BC+&c.. becomes ulli- 

lately equal to tlie circumference of the circle, th^ ^^^^C^'i. 
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becomes ultimately equal to the radius of the circle, and the 
area of the polygon becomes ultimately equal to the area of 
the circle : 

therefore the area of the circle is equal to half the 
rectangle of its radius and circumference. 



Examples. 

1. If a quadrilateral be described about a circle, prove 
that the sums of the two pairs of opposite sides are equal 
to one another. 

2. ABCDE is a regular pentagon, AC and BE are joined 
so as to intersect in F. Prove that CDEF is a parallelogram. 

3. If every pair of alternate sides of a regular pentagon 
be successively produced to meet, prove that their points of 
intersection will be the angular points of another regular 
pentagon. 

4. AB and CD are any two non- adjacent sides of a 
regular polygon, and E is its centre. Prove that if AB and 
CD can be produced to meet in F, then AFCE will be a 
quadrilateral inscribable in a circle. 

5. Prove that a pavement may consist either of equila- 
teral triangles, squares, or regular hexagons, and that it 
cannot consist of regular pentagons or of regular figures of 
more than six sides. 

6. If an equilateral polygon be inscribed in a circle 
prove that it is a regular polygon ; and so also if it be 
described about a circle, provided the number of sides be 
odd. 

7. If a point be taken within a regular polygon, prove 
that the sum of its distances from the sides of the polygon 
is equal to the radius of the inscribed circle multiplied by 
the number of sides of the polygon. 

8. Prove that the distance of the centre of any regular 
polygon from a straight line without it is the arithmetical 
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mean of the distances of the angular points of this polygon 
from this straight line. 

9. A semicircle is described upon a given straight line, 
and two semicircles are described upon the two halves of 
the line. Prove that if a circle be inscribed in tlie space 
between the three semicircles, its diameter will be two-thirds 
of that of each of the smaller circles. 



Section IV. — Problems of Construction connected 
WITH Ratio and Proportion. 



To divide a given straight line into parts which shall be 
'g any given straight lines. 




i 



Let AB be the given straight line to be divided, and L, 
M, N the given straight lines to which the parts of AB are 
to be proportional. 

Through A draw an indefinite straight line AK, making 
any angie with AB, and cm off from AK the parts AC, CD, 
DE equal to L, M, and N respeciivd^. 
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Join the point E with B, and draw CF and DG parallel 
to EB. 

Because the straight lines AB and AE are cut by the 
series of parallels FC, GD, and BE, 

therefore the segments AF, FG, and GB are proportional to 
the segments AC, CD, and DE, i.e. to L, M, and N. 

A similar construction will apply whatever be the number 
of lines L, M, N, &c. 

PROBLEM 2. 
To find the fourth proporiio7ial to three given straight lines. 



A. 

B- 




Let A, B, and C be the three given straight lines, it is 
required to find the fourth proportional to A, B, and C. 

Draw two indefinite straight lines DL and DM meeting 
at D, and from them cut off DE, EF, and DG equal to A, 
B, and C respectively. 

Join EG and draw FH parallel to EG. 

Because EG is parallel to FH, 

therefore -==^ is equal to --^, 

therefore -- is equal to —^^ 
B Gxl 

or GH is the fourth proportional required. 

Corollary. — If C be equal to B the construction deter- 

minQS the third proporuonal to two given straight lines. 
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To find the mean proportional behaeen two giiim straight 
Htus. 




Let A and B be the two given straight lines, it is required 
to iind the mean proportional between A and B. 

Take the indefinite straight line CD, and frotn it cut off 
CE and EF equal to A and B respectively. 

Upon CF describe the semicircle CGF, and through E 
draw EG perpendicular to CD. 
Join CG and FG. 

Because CGF is a semicircle, therefore the angle CGF 
is a right angle. 

Because CGF is a right angle, therefore the angle EGl'' is 
the complement of the angle CGE. 

Because GEC is a right angle, therefore the angle GCE is 
the complement of the angle CGE ; 

therefore the angle GCE is equal to the angle EGF; 

therefore the right-angled triangles CGE and FGE are 

similar (Bk. VI. Props. 17 to 19, Cor. 2), 

therefore - is equal to ^- , 

or EG is the mean proportional between CE and EF, i.e. 

between A and B. 

Corollary. — If from the right angle of any right-angled 

triangle a perpendicular be drawn to the hypothenuse, this 

perpendicular will divide the triangle into two triangles 

similar to the whole and to one apothw. 
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PROBLEM 4. 

To a given finite straight line to apply a polygon similar to 
a given polygon. 

Fig. 42. 





lyCt AB be a given finite straight line, and CDEFG a 
given pentagon ; it is required to apply to AB a pentagon 
similar to CDEFG. 

Join CE and CF. 

At the points A and B make the angles HAB and HBA 
equal to the angles ECD and EDC respectively. 

At the points A and H make the angles KAH and KHA 
equal to the angles FCE and FEC respectively. 

At the points A and K make the angles LAK and LKA 
equal to the angles GCF and GFC respectively. 

Because the triangles ABH and CDE have two angles 

of the one equal to two angles of the other, each to each, 

therefore they are similar, 

therefore the angle AHB is equal to the angle CED, and 

AB BH CD 

the ratios --=^ and -pp^ are equal to the ratios -- - and 
BH. AH. DE 

— = respectively. 
CE 

Similarly, the angle AKH is equal to the angle CFE, and 

AH HK CF 

the ratios- ■> and —— are equal to the ratios — — and 
HK AK EF 

' respectively. 
CF 
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Because the angles AHB and AHK are equal to tlie 
angles CED and CEF respectively, 

therefore tlie whole angles BHK and DEF are equal. 

In like manner it may be shown that to every angle of 
tlie one pentagon ABHKL there is a, corresponding equal 
angle of the other pentagon CDEFG. 

T, AH . , . CE , BH . , . DE 

Because ■ is equal to j,, and - is equal to ; 

therefore -j, is equal to -^, 

And in like manner it may be shown that the sides about 

the angles of one pentagon are proportional to the sides 

about the corresponding angles of the other ; 

therefore the pentagon ABHKL is similar to (he pentagon 

CDEFG, and it is applied to the straight line AB. 

The same construction must be repeated for every ad- 
ditional side in the case of any polygon whatever. 



PROBLEM 5. 

To divide a given straigiit line in extreme and mean ratio, 
i.e. so that one of the parts may be a mean proportional between 
the ■whole line and the remaining part. 

Let AB be the given straight line. 

Through A draw AC perpendicular to AB and equal to 
half of AB. 

With centre C and ra- Fig- 43' 

dius CA describe the circle 
DAE. 

Join BC, meeting the 
circle in D, and produce it 
to meet the circle again in E. 

With centre B and radius 
ED, describe the circular 
arc DF, cutting AB in F; 
then F shall be the point of division reqjaiied. 
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Because AB and DE are each double of CA, therefore 
they are equal to one another. 

Because CAB is a right angle, therefore BA touches the 
circle DAE in A. 

Because BA touches and BE cuts the circle, 
therefore the square of BA is equal to the rectangle 

of BE and BD ; 

therefore ^- is equal to (Bk. VI. Prop. 4) • 

BA BD i / ^ 

^, r BE-BA . , ^ BA-BD 

therefore — :,-■ . — is equal to — ^^v^ — \ 
BA BD 

But BA is equal to DE, and BD to BF ; 

therefore ,^^-1- is equal to --r^ : 
BA BD 

therefore is equal to _ . 
BA Br 



Fig. 44. 



PROBLEM 6. 

To inscribe a square in a given circle^ and to describe a 
square about a given circle. 

Let ABCD be the given circle 
whose centre is O ; it is required 
to inscribe a square in, and to 
describe a square about ABCD. 
Draw the diameters AOC and 
g BOD at right angles to each 
other, and cutting the circle in 
the points A, B, C, and D. 

If the chords ABCD be joined, 
the quadrilateral so formed will 
be an inscribed square. 
Also if tangents be drawn through the points A, B, C, D, 
the quadrilateral so formed will be a described square. 
The proof is evident from Bk. VI. Prop. 29, Cor, i. 
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, and io drmmscribe c 




To inscribe a rigtilai 
regidar hexagon about, a giveti circle. 

Let ABC be the given circle 
whose centre is ; it is required 
to inscribe a regular hexagon 
in, and to describe a regular 
hexagon about, the circle ABC. 

With centre A, any point on 
the circle, and radius AO, de- 
scribe a circular arc cutting the 
circle in B ; then if the straight 
lines AB, OB, and OA be joined 
they will be all equal. 

Because OAB is an equilateral triangle, it is also equi- 
angular; 

therefore the angle AOB is the third part of tivo right 

angles ; 

therefore AOB is the sixth part of four right angles. 

Draw through O the lines OC, OD, OE, and OF, making 
the angles BOC, COD, DOE, and EOF, each equal to 
BOA, or one-sixth part of four right angles, then tlie re- 
maining angle FOA wil! be also equal to one-sixth part of 
' four right angles. 

If the chords BC, CD, DE, EF, and FA be drawn, the 
six-sided figure thus formed will be a regular hexagon 
inscribed in the circle. 

And if tangents be drawn through the points A, B, C, D, 
E, and F, the six-sided figure thus formed will be a regular 
hexagon described about the circle. 

The proof is evident from Bk. VI. Prop, zg, Cor. i. 
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PROBLEM 8. 

To inscribe a regular decagon in, and to describe a r^uiar 
decagon about , a given circle. 

Let BDE be the given circle; it is required to inscribe a 
Pi 5 regular decagon in, and to describe 

a regular decagon about, BDE. 

Take any radius, AB, and divide 
it in C in extreme and mean ratio, 

so that ?^ may be equal to ^S 
AC CB 

With centre B and radius equal 
to AC, describe a circular arc, cut- 
ting BDE in D. 

Join BD, CD, and AD. 

BA AC 

Because - is equal to ^, and BD is equal to AC ; 

therefore .^=- is equal to — — ; 
BD BC 

therefore ABD and DBC are similar triangles 

(Bk. VL Prop. i8); 

therefore BDC is equal to BAD. 

BA . AC 

Again, because -j-^ is equal to ^^ , and AB and AC are 

AC CB 

equal to AD and BD respectively, 

therefore — is .equal to -^— , 
DB CB 

therefore BDC is equal to CDA (Bk. VI. Prop. 8). 

Because BDC is equal to CDA, therefore BDA is double 

of BDC. 

But BDC is equal to BAD, 

therefore BDA is double of BAD ; 

therefore also ABD is double of BAD, 

therefore ABD + ADB + BAD is equal to 5 times BAD; 

therefore BAD is the fifth part of two right angles ; 

therefore BAD is the tenth part of four right angles. 
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The remainder of the construction is obvious from (Bk. VI. 
Prop. 19, Cor. i). 

Corollary.— \{ DAE be taken equal to BAD the angle 
EAB will be the fifth part of two right angles, and hence 
we obtain the construction for inscribing a regular pentagon 
in, or describing such a pentagon about, a given circle. 

PROBLEM 9. 
To insaibf a regular fuindecagon in, and to describe a 
regular quindecagon aboirt, a given dnle. 

Let BDC be the given circle Fig. 47. 

whose centre is A. 

Draw any radius, AB, and draw 
the radii AC and AD, making with 
AB the angles BAC and BAD 
equal to the sixth and tenth part 
of four right angles respectively, by 
Problems 6 and 7. 

Then, if four right angles were 
di\-ided into thirty equal parts, BAC 

would contain five, and BAD three of these parts re- 
spectively, 

therefore CAD contains two of these parts, 
therefore CAD is the fifteenth part of four right angles. 
The remainder of the construction is obvious from Prop. 29, 
Cer. I. 

Note. — ^The two following Problems are choKn for tbc 
purpose of iilustrating a method which is frequently of gtdt 
use in arriving at geometrical constructions. 

The principle of this method consists in dividing ihe 
problem into two parts, each of which taken Kcpsuately i« 
often easy of solution. 

One of these pans is the construction of a figure timilar 
to some required figure, and the oDier the determination lA the 
ratio of similitude between this figure aod the fcqnircd ft 
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PROBLEM lo. 

To construct a triangle such thai the three perpendiculars 
from the angles upon the opposite sides may be respectively equal 
to three given straight lines. 

Fig. 48. 



A. 




Let A, B, and C be the three p^* ven straight lines ; it is re- 
quired to construct a triangle such that the perpendiculars 
from the angles upon the opposite sides may be respectively 
equal to A, B, and C. 

Let DEF be any triangle, and DG, EH, and FK the three 
perpendiculars from the angles upon the opposite sides. 

Because the right-angled triangles DFG and EFH have a 
common acute angle at F, therefore they are similar ; 

therefore ^^^ is equal to 



DG 



EH 



Similarly, —^ is equal to j^,^, 



, DE . 1 ,^ FE 

DG ^^ ^^ FK' 



Because -- is equal to .— p_, 

DF . FK. 

therefore — is equal to ^^, 
DE EH 

T. , DF. 1 4. DF DE 

But^isequaltOggXg-^, 

D F F K DE 

therefore ^^ is equal to ^-g x g^. 
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Let L be a fourth proportional to KF, EH, and DG, 

DG FIC 

so that -^=- is equal to ^r^, 



therefore :;::r^ is equal to -^^ x 



DG 



L DG 



^ i 



therefore ^^-^ is equal to -^- ; 

, DF . 1 , EF 

also gg IS equal to gg ; 

DF D F EF 

therefore the ratios -^— , _~^-, and ^ft ^^^ 3.11 equal ; 

L DG Jl»rl 

therefore the triangle DEF is similar to the triangle whose 

sides are L, DG, and EH, 

whence we have this construction. 

Find the fourth proportional L to the three lines A, B, and C. 

Construct the triangle whose sides are A, B, and L. 

I'hen this triangle will be similar 
to the required triangle. 

Again, to find the ratio of simili- 
tude. 

Let MNP be the triangle thus 
constructed, i.e. such that PM is 
equal to A, MN to B, and NP 
to L. 

From M draw MR perpen- 
dicular to NP. 

If MR be equal to C, then MPN will be the required 
triangle. 

If not, -— will be the ratio of similitude in question. 




PROBLEM II. 

In a given triangle to inscribe a triangle similar to a givai 
triangle 

Let ABC and DEF be two given triangles ; it is required 
to inscribe in ABC a triangle similar to DEF, 
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Upon EF, FD, and DE, describe segments of cirdes EG^ 
DHF, and DKE, containing angles equal to A, B, and C 





respectively, through D draw any straight hne, HDK, and 
join HF and KE respectively. 

Because the angles at H and K are equal to ABC and 
ACB respectively, therefore the straight lines HF and KE 
must be inclined to each other at an angle equal to . 
therefore KE and AF, if produced, must intersect in some 

point G upon the segment EOF ; 
therefore the triangle GHK is similar to ABC, and circum- 
scribes the triangle DBF, 

Hence the first part of the construction is completed. 

If the sides BC, AC, and AB of the triangle ABC be 
divided in L, M, and H in the same ratio as the sides of the 
triangle GHK are divided in D, E, and F, it may be easily 
proved that the triangle LMN is similar to the triangl 
DEF. . 

Hence the construction is completed. 

It is clear that GHK is only one of an infinite numbe 
of triangles which might be drawn about DEF similar I 
ABC. 

Therefore LMN is only one of an infinite number c 
triangles which might be inscribed in ABC similar t 
DEF. 



r 



Booi Vl.—Prabktns of Constructicx:. 2y) 



EX.OIFLES. 

I. Describe a triangle similar to a giren triangle and 
having a given perimeter. 

a. Through a given point draw a straight line, so that the 
segment intersected thereupon by two given straight lines 
may be divided by that point in a given ratia 

3. In a given triangle inscribe a parallelogram similar to 
a given parallelogram. 

4. In one of two given triangles inscribe a triangle havmg 
its sides parallel to the sides of the other triangle. 

5. In a given triangle inscribe the least possible triangle 
similar to a given triangle. 

6. Through a given point draw a straight line so that the 
part of it cut off by a given circle may be divided at that 
point in a given ratio. 

7. Divide a given arc of a circle into two parts which shall 
have their chords in a given rario. 

8. Construct a triangle so that one side and the sum of 
the two other sides may be each equal to a given magnitude, 
and the angle opposite the given side may be on a given 
straight line. 

9. Given three points A, B, and C; draw a straight line 
through A so that the distances from A to the feet of the 
perpendiculars upon it from B and C may be in a given 
ratio. 

10. Given two finite straight lines j draw through a given 
point a straight hne which would pass through their point of 
intersection, without producing the lines. 

1 1. Through one of the points of intersection of two given 
circles draw a straight line such that the chonls intercepted 
on it by the two circles may be in a given ratio. 

12. Describe a circle passing through two given points 
and touching either a given straight line or a given circle. 

13. Through a given point describe a circle touching two 
given straight lines. 
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14. Througli a given point describe a circle so as 
touch a given straight line and a given circle. 

15. Describe a circle touching two given straight Hi 
and a given circle. 

16. Describe a circle touching a given straight line 
two given circles. 

17. Describe a circle touching three given circles. 

Miscellaneous Examples. 

1. ABCD is a quadrilateral figure inscribed in a cirdi 
and AC and BD are its diagonals intersecting ii 

2. OABC is a rhombus whose sides OA and OC are pn 
duced indefinitely. In OA and OC, any two points, P and " 
are taken, and CP and AQ are joined, cutting AB and B 
in the points D and E respectively. Prove that DE 
parallel to PQ. 

3. Apply this proposition to determine the distant 
between P and Q, supposing them to be two inaccessil 
objects situated on the ground, and to trace a line on 
ground parallel to PQ. 

4. ABC is a right-angled triangle, of which BAC is 
right angle. A square DEGF is inscribed in the triangli 
such a way that DE coincides with BC. Prove that DE 
a mean proportional between BD and EC. 

5. ABC is a triangle inscribed in a circle and through 
the line BD is drawn parallel to the tangent to the 
at A, meeting AC produced if necessary in D, prove 
AB is a mean proportional to AC and AD. 

6. On the side BC of the triangle ABC, and on the 
opposite to the triangle ABC the square BCDE is describeft, 
and AE and AD are joined, cutting EC in the points P 
and Q. Prove that PQ is equal to the side of the square 
inscribable in the tnang\e A.fiC, and having one of its sides 

icident with BC. 
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7. Any point is taken on an arc of a circle. Prove that the 
distance of this point from the chord of the arc is a mean 
proportional between the distances of the same point from 
the tangents at the extremities of the arc. 

8. If a tangent be drawn to any circle at any point, prove 
that the radius of the circle is a mean proportional between 
the lengths of this tangent intercepted between the point of 
contact and the tangents at the extremities of any diameter. 

9. ABC is a triangle, and M is the middle point of the 
side BC. I is the point in which the inscribed circle touches 
BC, and H and K are the points in which the perpendicular 
from A upon BC, and the line bisecting the angle at A meet 
BC. Prove that 

10. Given an angle of a triangle, the perpendicular from 
this angle upon the opposite side, and the sum or difference 
of the remaining sides. Construct the triangle. 

11. Through two given points draw two straight lines 
intersecting on a given circle, and such that tlie chord 
joining the other two points of intersection with the circle 
may be parallel to the straight line joinbg the two given 
points. 

1 2. Determine a point such that its distances from the 
tiiree sides of a given triangle shall be proportional to three 
given straight lines. 

13. Divide a given straight line into three parts, such 
that the first and second may be in a certain given ratio, 
and the second and third in another given ratio. 

14. If from the angles of an equilateral triangle perpen- 
diculars be drawn upon any diameter of the circumscribing 
circle, prove that the perpendicular which falls upon one side 
oFthat diameter will be equal to the sum of the two per- 
pendiculars which fall upon the other side. 

15. In a given square inscribe four equal circles touching 
one another. 
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BOOK VII. 

aV PLANES, AND LINES IN SPACE, 

Section I. — Miscellaneous Propositions. 

PROPOSITION I. 

// is always possible to find one plane, and only one plane, 
containing a given straight line and a given point not in that 
straight Ivie. 

Let BC be the given straight line and A the given point 

not situated in the straight line 
Fig. I. BC, then it shall be always 

possible to find one plane, and 
only one plane, containing 
the straight line BC and the 
point A. 

Suppose a plane of indefi- 
nite extent to revolve round 
the straight line BC, then since 
in the course of its revolution such a plane must pass 
through every point in space, therefore there must be some 
one position of this plane in which it passes through the 
given point A. 

That is, one plane may always be found containing the 
given straight line BC and the given point A. 
Also, no more than one such plane can be found. 
If possible, let ABCD and ABCE be two non -coincident 
planes, each of which contains the straight line BC and the 
point A. 

Take any point F in BC. 

Because each of the points A and F is situated in the 




^ 
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plane ABCD, therefore a straight line AGF may be drawn 
from A to F, and situated in the plane ABCD (Def. 9). 

Similarly, a straight line AHF may be drawn from A to 
F, and situated in the plane ABCE. 

Therefore the two non-coincident straight lines AGF and 
AHF intersect in two points A and F, 

which is impossible {Ax. i) ; 

therefore the planes ABCD and ABCE must coincide 
in every point 

Corollary i. — One plane, and only one plane, may always 
be found containing three given points not situated in the 
same straight line. 

Corollary 2. — One plane, and only one plane, may always 
be found containing two given intersecting straight lines. 



PROPOSITION 2. 

It is always possible to find one planc^ and only out plane, 
tontaining two given parallel straight Una. 

Let AB and CD be the two given parallel straight lines, 
then it shall be always possible to find one plane, and only 
one plane, containing both of 
the straight lines AB and CD. ^"fi- =■ 

Because AB and CD are -— ? 

parallel straight lines, there- 
fore they are situated in one c ^b" ' d 

plane {Def. 27); 

that is, one plane may always be foand containing both 
AB and CD. 

Also no more than one such plane can be found. 

For let E be any point in CD. 

Because E is a point not situated in the straight line AB, 
therefore only one plane can be found containing the straight 
line AB and the point E (Bk. VII. Prop, i) ; 
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therefore only one plane can be found containing the two 

given parallel straight lines AB and CD. 
Note, — It follows from the two preceding propositions 
that a plane is completely determined in each of the three 
following cases : 

1. When it contains a given straight line and a given 
point not in that line. 

2. When it contains three given points not situated in the 
same straight line. 

3. When it contains each of two given intersecting or 
parallel straight Unes. 



PROPOSITION 3. 

Through any given point it is always possible to draw 
one straight line, and one straight line only^ parallel to any 
given straight line not containing t/ie given point 

Let A be the given point, and BC the given straight line 
not containing the point A, then it shall be always possible 

to draw one straight line, and 
Fig- 3- one straight line only, through 

B .^ c the point A parallel to the 

straight line BC. 

^ jj Because the point A is not 

situated upon the straight hne 
BC, therefore one plane, and one plane only, may always be 
found containing the straight line BC and the point A. 

Because {Ax, 4 and Bk. III. Prob. 6) it is always 
possible to draw one straight line, and one straight line 
only, in the plane containing the straight line BC and the 
point A, and parallel to BC, let this straight line be AD ; 
therefore AD will be drawn through the given point A, 
parallel to the given straight line BC, and will be the only 
straight line that can be so drawn. 
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PROPOSITION 4. 

If Huo planes cut one artother their line of iniersedion skali 
ie a straight line. 

Let ABC and ABD be two planes which cut one another, 
and let A and B be two 
points in their line of in- ^'5' ■*■ 
tersection, then if AB be 
joined, every point common 
to both of the planes shall 
be situated in the straight / / 

line AB or in AB produced. z_ ^ _/ 

If possible let P be a ° 

point in the line of intersection of these planes and not 
situated in the straight line AB or that line produced. 

Because A, P, and B are three points not situated in the 
same straight line, therefore no more than one plane can be 
found which contains the points A, P, and B. 

Because A, P, and B are three ]ioints situated in the line 
of intersection of the tn-o planes ABC and ABD, therefore 
there are two planes ABC and ABD, each of which contains 
the three points A, P, and B. 

But we have before proved that only one plane can be 
found containing these three points, 

which is impossible ; 

therefore every point in the line of intersection of the planes 

ABC and ABD must be in the straight line AB ; 

that is, the line of intersection of these planes is a 

straight line. 



DEFINITIONS. 



79.^ — A straight line and a plane are said to be parallel to 

one another when they cannot meet, however far they may 

fc be produced in any direction whatever ■ 
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80. — Two planes are said to be parallel to one another 
when they cannot intersect, however far they may be pro- 
duced in any direction whatever. 

PROPOSITION 5. 

If a given straight line be parallel to a given plane, every 
plane which contains the given straight line shall intersect the 
given pla?ie in a straight line parallel to the given straight line. 

Let AB be the given plane and CD the given straight 

line parallel to AB, and 

^ T> ^^^ ^^> ^^y plane con- 

taining the straight Hne 
CD, intersect AB in 
EF, then shall EF be 
parallel to CD. 

Because CD is parallel 
to the plane AB there- 
fore CD and the plane 
^ AB cannot meet, how- 

ever far they may be produced in any direction whatever, 
therefore CD and EF cannot meet, however far they may be 

produced in either direction. 
But CD and EF are by hypothesis in the same plane, 
therefore EF is parallel to CD (Def 27). 



B 



£ 



F 



PROPOSITION 6. 

If a given straight line be situated in a given plane, every 
line parallel to the given straight line shall either be situated in 
t lie given plane or be parallel to that plane. 

Take the same figure as in the last Proposition. 
Let EF be the given straight line and AB the given plane 
in which EF is sitvialed, and let CD be a straight line 
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parallel to EF, then shall CD either be situated in the plane 
AB or be paraUel to that plane. 

Because CD and EF are two parallel straight lines, there- 
fore tliey are situated in the same plane. 

If this plane be AB then the proposition is proved, but if 
not, let CF be the plane which contains botli CD and EF, 
then EF is the line of intersection of the planes CF 
and AB. 

Because the straight line CD is situated in the plane CF, 
and this plane intersects the plane AB in the line EF, 
therefore every point which is common to the line CD, and 
tiie plane AB must be also common to the line CD and the 
line EF. 

Because CD and EF are paraJJel therefore they have no 
point in common ; 

therefore tlie line CD and the plane AB cannot intersect, 

however far they may be produced, 

therefore the line CD is parallel to the plane AB. 



PROPOSITION 7. 

IJ there be two planes of which one contains one and one the 
other ofhiio given parallel straight lines, then the line of inter- 
section of these planes shall be paralld to each of the two given 
straight lines. 

Let AB and CD be two given Fig. 6. 

parallel straight lines, and let AF a b 

and CF be any two planes con- 
taining AB and CD respectively, ( 
then EF the line of intersection 
of these planes shall be parallel 
to each of the lines AB and CD. 

Because the straight line CD 
is situated in the plane CF, and that AB is parallel to CD 
AB is also parallel to CF (Bk. VIL gxq^. Mj 
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Because the straight line AB is parallel to the plane CF, 
and that EF is the line of intersection of the plane AF 
containing AB, with the plane CF, 

therefore AB is parallel to EF (Bk. VII. Prop. 5). 

Similarly, CD is parallel to EF. 

Corollary. — If two straight lines A and B be each of them 
parallel to a third straight line C they shall be parallel to 
one another. For the plane which contains A and some 
point P in B must intersect the plane containing B and 
C in the straight line B, otherwise through P two inter- 
secting straight lines might be drawn each parallel to C, 
therefore B is parallel to A. 



PROPOSITION 8. 

If a straight line be parallel to a given plane,^ every straight 
line parallel to the given straight line shall be either situated 
in the given plane or be parallel to that plane. 



G 



Fig. 7. 
A 


B 


C 








D 


E 


1 
i 


F 



Let the straight line AB be parallel to the plane GH, and 
let CD be another straight line parallel to AB, then CD 
shall be either situated in the plane GH or be parallel to 
that plane. 

Because AB is parallel to CD, therefore a plane may be 
found which contains both AB and CD. 

Let this plane be AF, and let AF intersect the plane 
GR in the straight line EF. 
because the straiglit \me KB \s parallel to the plane GH, 
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and that EF is the line of intersection of a plane which con- 
tains AB witli the plane GH, 

therefore EF is parallel to AB (Bk. VII. Prop. 5). 

Because CD and EF are each of them paraOel to AB, 
therefore CD is parallel to EF (Bk. VII. Prop. 7, Cor.). 

Because CD is parallel to EF, a straiglit line in the plane 
GH, therefore CD is either parallel to the plane GH or 
is coincident with it (Bk, VII. Prop. 6). 



PROPOSITION 9. 

If two intersecting straight lines be respectivdy parallel to 
and in Ike same direction with two other intersecting straight 
lines, the angle wntained by the first pair of lines shall be 
equal to the angle contained by the second pair, and the plants 
in which these angles are situated shall be either coincident or 
parallel. 

Let the two straight lines AB and AC which intersect in 
A be respectively parallel to and in the same direction with 
the two straight lines DE -p- g 

and DF which intersect in 
D, then shall the angle BAG 
be equal to the angle EDF, 
and the plane containing AB 
and AC shall be coincident 
with, or parallel to, the plane i 
containing DE and DF. 

If the straight lines AB 
and AC, DE and DF lie in 
the same plane, then the angles BAG and EDF are equal 
by Prop, zi, Bk. I., and the planes of these angles being 
coincident the proposition is proved. 

But if the plane containing BAC be not coincident with 
that containing EDF, let AB, AC, DE. and DF be all equal 
to one another, and join AD, BE, CF, BC, EF, and AE. 
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Because AE meets the parallels AB and DE, therefore 
the angles BAE and AED are equal 

Because BA, AE, and the angle BAE are equal to DE, 
EA, and the angle DEA respectively, 
therefore the triangles BAE and DEA are equal in all their 
parts ; and therefore AD is equal to BE, and DAE is equal 

to BE A. 

Because the alternate angles DAE and BEA are equal, 
therefore AD is parallel to BE. 

Similarly, CF is equal and parallel to AD or BE (Prop. 7, 
Cor.), 

Because CF is equal and parallel to BE, it maybe proved, 
as above, that BC is equal and parallel to EF. 

Because in the two triangles ABC and DEF the sides AB, 
AC, and BC of the one are respectively equal to the sides 
DE, DP\ and EF of the othei^ therefore the angle BAC is 
equal to the angle EDF. 

Again, because AB is parallel to DE, therefore AB is 
parallel to the plane DEF, 

therefore if the plane BAC meet the plane DEF the line of 
intersection must be parallel to AB. 

Similarly, it must be parallel to AC, 

therefore from the point A two straight lines can be drawn, 

each parallel to the same straight line, 

which is impossible ; 

therefore the plane ABC cannot intersect the plane DEF ; 

that is, the plane ABC is parallel to the plane DEF. 

Corollary. — If FD and ED be produced to G and H, 
the lines DG and DH will be respectively parallel and in 
opposite directions to the lines AB and AC; therefore it 
follows that : 

I. If two intersecting straight lines be respectively parallel 
and in opposite directions to two other intersecting straight 
lines, the angle contained by the first pair will be equal to 
the angle contained by the second pair, and the planes of 
tAese angles will be either coincident or parallel. 
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PROPOSITION lo. 

Through a given point it is always possible to describe a 
plane parallel to a given plafie. 

Fig. 9. 



E 



6 



Let A be the given point and DBC the given plane, then 
it shall be ahvays possible to describe a plane through the 
point A parallel to the plane DB/C. 

Through the point B in the plane DBC draw two straight 
lines BC and BD. 

Let AE and AF be two straight lines through the point A 
parallel to BC and BD respectively. 

Because AE and AF are respectively parallel to the two 
intersecting straight lines BC and BD ; 

therefore the plane which contains AE and AF is 
parallel to the plane DBC. 



PROPOSITION II. 

Only one plane can be described passing through a given 
point and parcUlel to a given plane. 

Let A be the given point, and Fig. 10. 

DEF the given plane, then only 
one plane can be described 
passing through the point A and 
parallel to the plane DEF. 

If possible, let the two planes 
ABG and ABC, each parallel to 
DEF, pass through the point A, 
and let AB be their line of in- 
tersection. 

In the plane DEF draw the b' 
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straight line EF not parallel to AB, and let any plane con- 
taining EF intersect the planes AC and AG in the straight 
lines BC and BG respectively. 

Because the planes AC and DF are parallel, therefore the 
straight lines BC and EF, which are situated in these planes 
respectively, cannot meet, however far they may be pro- 
duced. 

But BC and EF are in the same plane, 

therefore BC is parallel to EF. 

Similarly, BG is parallel to EF, 

therefore BC and BG are both parallel to EF, 

which is impossible. 

Corollary, — From the above reasoning it is evident that 
if two parallel planes be cut by the same plane their lines of 
intersection will be parallel. 



PROPOSITION 12. 



Fig. II. 



If two pla?ies be parallel to one another, every straight line 
parallel to one of t lie planes shall be either situated in the other 
plane or be parallel to that plane. 

Let ABC and DEF be two parallel planes, and let GH 
be a straight line parallel to the plane ABC, then GH shall 

be either situated in. the plane 
DEF or be parallel to that 
plane. 

Let the plane GL be de- 
scribed, containing the straight 
line GH, and let the line of 
intersection of this plane with 
the plane ABC be KL. 

Then KL is parallel to GH 
^ (Bk. VII. Prop. 5). 

.Because the straight line KL is situated in the plane 
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ABC, and that the plane DEF is parallel to the plane 
ABC, 

therefore KL is parallel to the plane DEF. 
Because KL is parallel to the plane DEF, and GH is 
parallel to KL, 

therefore GH is either situated in the plane DEF or is 
parallel to that plane (Bk. VIL Prop. 8). 

PROPOSITION 13. 

If two straight lines be cut by any number of parallel planes 
they shall be divided proportionally in t/ie poitits in which they 
respectively meet the planes. 

Let the two straight lines 
ABC and DEF be cut by the 
three parallel planes G, H, and 
K, in the points A, E, and C, 
D, E, and F, respectively, then 
shall the straight lines ABC 
and DEF be divided propor- 
tion aUy in these points re- 
spectively. 

Through A draw the straight line ALM parallel to DEF, 
and let it meat the planes H and K in the points L and M 
respectively. 

Join BL, CM, AD, and LE. 

Because AL is parallel to DE, therefore they he in the 

Because the parallel planes G and H are cut by the plane 
containing AL and DE in the straight lines AD and LE 
respectively, therefore AD is parallel to LE (Bk. VII. 
■Pro[j. II, Cur.), 

therefore AE is a parallelogram and AL is equal to DK 

Similarly LM is equal to EF. 

Because AC and AM intersect in A, therefore they lie in 
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the same plane, and therefore BL is parallel to CM (Bk. VII. 
Prop. II, Cor^, 

Because BL is parallel to CM, therefore the straight lines 
AC and AM are divided proportionally in the points A, B, 
and C, A, L, and M, respectively (Bk. VI. Prop. 5). 

But AL is equal to DE, and LM to EF, 
therefore ABC and DEF are divided proportionally in the 

points A, B, and C, D, E, and F, respectively. 
The same reasoning may be employed whatever the number 
of planes. 

Examples. 

1. Prove that one plane, and only one, can be drawn 
through a given straight line parallel to another given 
straight line. 

2. Prove that through any given point one plane, and 
only one, can be drawn parallel to each of two given straight 
lines. 

3. In every gauche quadrilateral, that is to say, one whose 
sides are not all situated in the same plane, the middle 
points of the sides are the angular points of a paral- 
lelogram. 

4. Prove that two straight lines, which are each of them 
parallel to a given plane, and both of which meet two other 
straight lines situated in any manner in space, are not 
generally in the same plane. 

5. Draw a straight line parallel to a given straight line, 
and meeting each of two other straight lines not situated in 
the same plane. 

6. Draw a straight line of given length parallel to a given 
plane, and having its extremities on two given straight lines 
not in the same plane. 
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Section IL — On the Perpendiculars and Obliques 

TO Planes. 

DEFINITIONS. 

81. — When two given straight lines do not intersect their 
angle of indination is the angle contained by two straight 
lines drawn through any point respectively, parallel to, and 
in the same direction with, the given straight lines. 

If this angle be a right angle, the two straight lines 
are said to be perpendicular or at right angles to one an- 
other. 

Fig. 13: 




Thus, if AB and CD be two non-intersecting straight lines 
and OP and OQ be drawn through any point O parallel to 
AB and CD respectively, then POQ is said to be the angle 
between AB and CD. 

82. — ^A straight line is said to be perpendicular to a given 
plane when it is perpendicular to ever}' straight line that 
can be drawn in the given plane, and a straight line which is 
neither perpendicular nor parallel to a given plane is said 
to be oblique to that plane. 
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PROPOSITION 14. 

If a straight line be perpendicular to a s[iven plane it shall 
be also perpendicular to ei'ery straight line parallel to the given 
plane y and if a straight line be perpendicular to a given plane ^ 
ez'cry straight line perpendicular to the given straight line shall 
be parallel to t lie giveti plane. 

Fig. 14, 

A £ 



D' 



Let the line AB be perpendicular to the plane C, and 

I St. Let the straight line DE be parallel to this plane, 
then shall AB be perpendicular to DE. 

Let AB meet the plane C in B, and through B draw BF 
parallel to DE, then BF lies in the plane C (Bk. VII. Prop. 8). 

Because AB is perpendicular to, and BF is situated in, 
the plane C, therefore AB is perpendicular to BF (Def. 82). 

Because AB is perpendicular to and DE is parallel to BF 
therefore AB is perpendicular to DE (Def. 81). • 

2nd. Let AB be perpendicular to DE, then shall DE be 
parallel to the plane C. 

Through B draw BF parallel to DE. 

Because the straight line AB is perpendicular to the plane 
C, therefore it is perpendicular to every straight line in that 
plape (Def. 82). 

Because AB is perpendicular to, and BF is parallel to 
DE, therefore AB is petpendicular tcrBF (Def. 81) ; 
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therefore BF must lie in the plane C, otherwise two non- 
coincident straight lines might be drawn in ibe plane con- 
taining AB and BF, each of them perpendicular to AB. 
Because BF lies in the plane C, and DE is parallel 
to BF, therefore DE is parallel to die plane C (Bk. VII. 
Prop. 6), 

Corollary i. — If two planes be parallel to one another, 
every straight line perpendicular to one of them will be also 
perpendicular to the other. 

Corollary 2. — If a given straight line be perpendicular to 
a given plane, every stra^ht line parallel to the given line 
will be also perpendicular to the given plane. 



PROPOSITION 15. 

^a straight line bt perpaidiatlar to mih of two interseding 
straight lines it shall be perpaidiatlar to the plane ■which con- 
tains these two lines. 

Let die straight lime FG be 
perpendicular to each of the two 
straight lines AB and CD, which 
intersect in E, then shall FG be 
perpendicular to the pkne which 
contains AB and CD. 

Through E let EH be drawn 
parallel to FG, then by Def. 8 
each of the lines AB and CD. 

Let AE, EB. CE. and ED be all equal t 
and join HA, HB, HC, HD, AC, and BD, 

Through E draw any straight line KEL in the plane con- 
taining AB and CD, let it meet AC and BD in the points 
K and L, and join HK and HL. 

Because the triangles AEH, CEH, BEH. and DEH have 
the two sides and included angle in any one respectively 
equal to the two sides and included angle in any other, 




, EH is perpendicular to 



e another. 
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therefore ihey are all equal to one another in all their para 
and ihecefore AH, CH, BH, and DH are all equal 

Because the triangles AEC and BED have two sides and 
the included angle of one respectively equal to the two sides 
and ihe included angle of the other, therefore they are equal 
lo one another in all their pans, and therefore AC is equal! 
to BD, and ACE to BDE. 

Because the triangles KEC and LED have the angles at 
E and C of the one respectively equal to the angles at E and 
D of the other, and the side CE equal to the side ED, 
therefore tliey are equal to one another in all their parts, 
and therefore KE is equal to LE. 

Because the triangles AHC and BHD have the three 
sides AH, HC, and CA, of the one respectively equal 
three sides BH, HD, and DB of the other, therefore tha 
angle ACH is equal to the angle BDH. 

Because the triangles KCH and LDH have the sides KG, 
CH, and the included angle KCH of the one respectively 
equal to the sides LD, DH, and the included angle LDH of 
the other, therefore ihcy are equal to one another in ali 
their parts, and therefore KH is equal to LH. 

And, Bnally, because the triangles KEH and LEH hai 
the three sides KE, EH, and KH of the one respective! 
equal to the sides LE, EH, and LH of the otlier, therefc 
the angle KEH is equal to the angle LEH. 

Therefore EH is at right angles to KL. 

But FG is parallel to EH, 

therefore FG is at right angles to KL. 

Similariy, FG is at right angles to every straight line in t 
plane containing AB and CD, 

therefore FG is at right angles to the plane containing 
AB and CD (Defl 82). 
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PROPOSITION 16. 

Fr&m a given foint outside a given plane if is ahi'ays 
possible to draw one straight line, and only one straight line, 
perpendicular to the given plane, and the straight line so drawn 
is shorter than any other straight line that ean be drawn from 
the given point to the given plane. 

Let AC be the given plane Fig. 16, 

and D the given point without 
it, then 

ist It shall be always jtos- 
Sible to draw one straight hce, 
and only one straight line, 

from the point D perpen- /_ 

dicular to the plane AC. " ° 

Take any straight line AB in the plane AC, and in the 
plane containing D and AB draw the straight line DE 
perpendicular to AB (Bk. I. Prop. 15). 

Through the point E, and in the plane AC, draw EF per- 
pendicular to AB (Bk. I. Prop. 11), 

From the point D in the plane containing D and EF draw 
DG perpendicular to EF, then DG shall be perpendicular 
to the plane AC. 

Because AB is perpendicular to the two intersecting 
straight lines DE and EG, therefore AB is perpendicular to 
the plane DEO (Bk. VII. Prop. 15), 

therefore DG is perpendicular to AB. 
Also DG was drawn perpendicular to EF, 
therefore DG is perpendicular to each of the intersecting 

straight lines AB and EF situated in the plane AC, 
therefore DG is perpendicular to the plane AC {Bk. VII. 
Prop, 15), 
Also no other line can be drawn from D, besides DG, j.er- 
pendicular to the plane AC. 

For, if possible, let DH which meets the plane AC in H 
be perpendicular to that plane and join CH, 
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Then in the plane DGH the two straight lines DG and 
OH are each perpendicular to GH, which is impossible 
by Prop. 15, Bk. I. 

ind. DG is the shortest straight line that can be drawn 
from the point D to the plane AC. 

For let DH, any other straight line from the point D 
lo the plane AC, meet this plane in H ancJ join HG. 

Because DG is perpendicular to the plane AC, therefore 
DG is perpendicular to the line HG, and DH is any oth« 
straight line from D to HG, 

therefore DG is loss than DH (Bk. I. Prop. 15). 

Corollary 1. — If from any point without a plane twt> 
straight lines be drawn, one perpendicular to the plai 
the other perpendicular to any straight line in that plan^ 
then the straight line joining the feet of these perpendiculars 
will be perpendicular to the straight line in the plar 

Corollary 2.— If two straight lines be each of them per 
])endicular to a given plane they shall be parallel to oat 
another, for if they meet they will lie in one plane, and 'Cam 
there will be two intersecting straight lines in this plani 
each perpendicular to the line joining the points of inter 
section of the given straight lines with the given plane 

Corollary 3. — If a straight line be ilrawn from a point 4 
a given plane parallel to a perpendicular to that plane froB 
a point without it, then the former Une will be also perpen 
diailar to the given plane, and therefore one line, and on^ 
one line, may always be drawn from a given point in a 
plane perpendicular to that plane. 

PROPOSITION 17. 

// is always possible to describe otie plane, and out 
only, passing through a given point and perpendiatlar 
given straight litce. 

Let A be the given point and BC the given straight 
then it shall be always goasAi^ii \.a 4cw:tibe one 
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one plane only, passing through the point A and perpen- 
dicular to the straight line BC. 

First, let the point A be in the straight Ibe BC (Fig. 17). 



Through A in any two planes each containing BC driiw 
the straight lines AD and AE perpendicular to BC (Bk. I. 
Prop. 11), 

then the plane which contains AD and AE is perpendicular 
t(lAB(Bk. VII. Prop. 15). 

Also no other plane passing through A can be perpen- 
dicular to AB. 

If possible, let another plane containing the point A be 
perpendicular to BC, and since this plane cannot contain 
both AD and AE, let it intersect the plane BAD in the line 
AF (tifferenl from one of these lines as AD. 

Because BC is perpendicular to, and AF lies in, iliis 
plane, therefore BAF is a right angle. 

Also BAD is a right angle, 

therefore BAF is equal to BAD, 
and this is impossible since AF, AD, and AB are in one 
plane. 

Next let the point A be situated out of the liue HC 

(Fig. 18). 

Through A draw AD parallel to BC. 
Then by the first part a plane AGF may be described 
passing through the point A and perpendicular to the line 
\ AD. ^ 
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Because AD is perpendicular to the plane FAG, and BC 
is parallel to AD, 

therefore BC is perpendicular to the plane FAG 
(Bk. VII. Prop. 14, Cor. 2), 
and it may be proved, as in the last case, that no other plane 
besides FAG can be drai^Ti through the point A perpen- 
dicular to the straight line AB. 

DEFINITION. 

• 

83. — The foot of the perpendicular drawn from a given 
jxjint outside a given plane to the plane is called the projec- 
tion of that point upon the plane, and the line which passes 
through the projections of all the points of a given line, 
whether straight or curved, is called the projection of that 
li?ie upon the plane. 



PROPOSITION 18. 

The projection of a given straight line upon a g^en plane 
is another straight line. 

Fig. 19. 




Let AB be the given straight line and CDE the given 
plane. 

Let the projections of the successive points of the line AB, 
as A, P, Q, &c., B, upon the plane CDE, be F, R, S, &c., G. 

Because AF and PR are parallel straight lines, and A and 
P avQ points upon the straight line AB, therefore AF and PR 
i/e in one plane passing tooM^ KS ^.\i.^"5^ 
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Similarly, PRand QS lie in one plane passing through AB 
and PR, 
therefore AF, PR, and QS lie in one plane passing through 

AB (Bk. VII. Prop. 2) ; 

therefore all the perpendiculars upon CDE ftom different 

points in AB lie in one plane passing through AB ; 

therefore all the points F, R, S, &c., lie in the intersection of 

a plane passing through AB with the plane CDE ; . 

therefore all these points are situated in a straight line 

(Bk. VII. Prop. 4>- 
Corollary. — If AB be parallel to CDE the projection will 
be a straight line equal and parallel to AB, 



PROPOSITION 19. 

If two oNiqucs be ifraum to a given plane from a gwat 
poift ■without it maiiiig unequal angles with the perpmdicular 
to the plane drawn from that point, thai oblique whieh makes 
the smaller angle with this perpendieular shall be less titan the 
other. And if from a given point without a gri'en plane tit'o 
unequal obliques be drawn to that plane, the angle between the 
shorter of these two obliques and the perpendicular to the plane 
from the external point shall be less than the angle between the 
longer oblique and that same per patdicular. 

Let A be the gif en point _ 

and CBD the given plane, 
and from A let the straight 
lines AB, AC, and AD be , 
drawn to the plane, AB / / 

being perpendicular and / \t~\ 
AC and AD oblique to / 
this plane, then 

ist If the angle CAB be less than the angle DAB, the 
line AC shall be less than the line AD. 

Join DB and CB. 

Because DAB is greater tlian CjVB let AE be drawn in 
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the plane DAB, so that the angle EAB is equal to the angle 
CAB. 

Because EAB is equal to CAB, and EBA to CBA, there- 
fore the two triangles EAB and CAB have two angles of the 
one respectively equal to two angles of the other, and the 
side AB common to both, 

therefore they are equal to one another in all their parts, 
and therefore AE is equal to AC. 

Because AB is perpendicular to BD, and EAB less than 
DAB, therefore AE is less than AD (Bk. I. Prop. 15) ; 
therefore also AC is less than AD. 

2nd. If AC be less than AD the angle CAB shall be less 
than the angle DAB. 

Because AC is less than AD and greater than AB, 
therefore the circle described in the plane ABD with centre 
A and radius AC will cut DB in some point E between D 
and B (Bk. II. Prop. 3). 

Join AE. 

Because the two right-angled triangles EAB and CAB 
have the hypothenuse EA and side AB of the one equal 
respectively to the hypothenuse CA and side AB of the 
other, therefore the two triangles are equal in all their 
parts, 

therefore EAB is equal to CAB, 
therefore CAB is less than DAB. 



PROPOSITION 20. 

The angle which any oblique to a given plane makes with 
its projection on that plane is less than the angle which the 
same oblique makes with any other straight line in that plane 

Let BCD be the given plane and AC any oblique to it: 

from A draw AB perpendicular to the plane BCD and join 

BC so that BC is the projection of AC upon BCD, then if 

any straight line CD be diawti through the point C in the 
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plane BCD the angle ACB shall be less than the angle 
ACD. 

Make CD equal to CB antl join AD. Kig. 21. 

Because AB is perpendicular and AD 
is oblique to the plane BCD, 

therefore AB is less than AD. 

Because in the two triangles ACB and 
ACD the two sides AC and CB are re- 
spectively equal to the two sides AC and 
CD, and the side AB is less than the side 
AD, 

therefore the angle ACB is less than the nngle ACD. 



DEFINITION. 

84. — The angle of indination of a straight line to a plane h 
the angle between the line and its projection upon the 
plane. 

PROPOSITION 21. 

If there he two given straight lines net situated in the same 
plane, then it shall be always possible to draw one straight line, 
and one only, meeting each of the given straight lines ai right 
angles, and this line shall be the shortest distance between the 
two given straight lines. 

Let AB and CD be the two given straight lines not lying 
in the same plane, then 

isL It shall be possible 
to draw one straight line, 
and one only, meeting each 
of the lines AB and CD at 
right angles. 

Through A. any point in 
AB, draw AE parallel to 
CD, and let FG be the proji 
containing AE and AB. 
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Because CD is parallel to AE, therefore CD is parallel 
the plaoe EAB (Bk. VII. Prop. 6), 

therefore FG is parallel to CD (Bk. VII, Prop. iS, Cor\ 

therefore FG is also parallel to AE (Bit. VII. Prop. 7, Cor^ 

and therefore FG intersects AB in some point H. 

From H draw HK perpendicular to the plane EAB, 

then HK shall meet both AB and CD at right angl 

For by construction HK passes through a point i 
and is perpendicular to AB, i.e. HK meets AB at 
angles. 

Because FG is the projection of the straight lineCDupoi 
the plane EAF, therefore the straight line HK drawn through 
a point H in FG perpendicular to the plane E.\.F n 
meet the straight line CD in some point as K {Def. 83), 

Because CD is parallel and HK perpendicular 10 th(i 

plane E.\B, therefore HK is perpendicular to CD (Prop. 14) 

therefore HK meets both of the straight lines AB and CD 

at right angles. 

Also no other straight line besides HK can meet bofli 
AB and CD at right angles. 

For ever)- straight line perpendicular to AB and CD 
be perpendicular to AB and AE, and therefore to the plan* 
EAB. 

And the perpendiculars from every point in CD to th 
plane EAB must meet that plane in the line FG {Def. 83), 

Therefore every straight line which meets both AB i 
CD at right angles must pass through the intersection of 
and FG, that is, through the point H. 

But only one line can be drawn through the point H \ 
pendicular to the plane EAB, and since HK is such a line, 
follows that HK is the only straight line which can mi 
both AB and CD at right angles. ■ 

2, HK shall be the shortest straight line that can 
drawn between the two given lines AB and CD. 

Let BD be any other straight line between the t 
given lines AB and CD, and let DG be perpendicular to 
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plane EAB, then DGHK is a parallelogram, and DG is 
therefore equal to HK. 

Because DG is perpendicular and DB oblique to the plane 
EAF, therefore DB is greater than DG, 

therefore DB is greater than HK. 

Examples. 

1. If a straight line meet a plane in a certain point so as 
to make equal angles with three straight lines drawn in the 
plane and through that point, prove that the straight line 
will be perpendicular to the plane. 

2. From a given point outside a given plane a perpen- 
dicular is drawn to the plane, and also a number of obliques 
all equally inclined to the plane. Show that the length of 
these obliques are all equal, and that their points of inter- 
section with the plane lie in a circle whose centre is the foot 
of the perpendicular. 

3. By the law of optics, if a ray of light be incident upon 
a plane reflecting surface the reflected ray and the incident 
ray lie in the same plane with the perpendicular to the plane 
at the point of incidence and make equal angles with this 
perpendicular on opposite sides of it. Prove that if any two 
points be taken, one on the incident and one on the reflected 
ray, the sum of the distance of these points from the point of 
incidence will be less than the sum of their distances from 
any other point in the plane. 

4. Prove also that if a pencil of parallel rays be mcident 
on a plane reflec^ng surface the reflected pencil wjll also 
consist of parallel rays. 

S- When a ray is refracted at a plane surface, the refracted 
ray and the incident ray lie in the same plane with the per- 
pendiculars to the surfaceat the point of incidence, and make 
such angles with it that if any two points be taken on the 
perpendicular to the plane through the point of incidence 
on opposite sides of that point and equidistant from it the 
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distances of these points from the two rays are in a constant 
ralio. Prove that if a pencil of parallel tays be incident o 
a plane surface the refracted pencil also consists of paralle 
rays. 

6. Prove that the locus of points on a plane at which a 
given straight line subtends a right angle is a circle whos 
centre is the foot of the peqiendicular let fall from the 
middle point of the line upon the plane. 

7. If a plane be drawn parallel to two non-intersecting 
straight lines through the middle point of the line which 
meets each of them at right angles, prove that it passe 
through the middle points of all the lines joining any poin 
in one line with any point in the other. 

8. Find the point in a given straight line which is equi 
distant from any two given paints. 

9. Find the locus of points such that their distances from 
two parallel planes may be always to each other in a gived 

10. AB and AC are two given straight lines intersecting 
in A. Find the locus of the point P, such that the sum 
the projections of AP upon AB and AC may be equal to 

11. If a straight line be parallel to a plane, prove th 
its shortest distances from all lines in the plane which a 
not parallel to itself are of equal length. 

12. Find the locus of the middle point of a straight lia 
of constant length, whose extremities lie one on each of ti 
straight lines perpendicular to one another and not siluata 
in the same plane. 
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DEFINITION. 

85. — When two planes intersect, the amount or quantity of 
turning about their line of intersection which is required to 
bring one of them into coincidence 
with the other is called the dihedral 
angle between the planes. 

Thus let AB be the line of intersec- 
tion of the two planes AC and AE, 
then the amount of turning about AB 
which is required to bring one of these 
planes, as AC, into coincidence with 
the other, AE, is called the dihedral 
angle between the planes AC and AE. 
This angle is expressed by the four 
letters DABE, the two middle letters A 
and B being points in the line of intersection, and the ex- 
treme letters D and E being points in each plane respec- 
tively, 

Note. — It is to be observed that, as in the case of the 
angle between two straight lines, there are an infinite number 
of dihedral angles between two given planes. However, 
when the dihedral angle is spoken of without further de- 
scription it is always to be understood that tlie smallest 
possible angle is contemplated. 

DEFINITION. 

86.^ When two dihedral angles have a common edge, and 
the intermediate face cominoa to both, they are said to be 
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adjacent ; thus the angles FABG and FABC are adjacent! 



DEFINITION. 

87.— Two dihedral angles are said to be equal to one*! 
another, when one of them can be applied to the other si 
that the edges coincide, and the two plane faces of the onej 
coincide respectively with the two plane faces of the other. 

Note. — It must be remembered that this test of equality 
applies only to the smaEest possible dihedral angles 
DEFINITION. 

88. — One plane is said to he perpendicular ox at right anglti^ 
to another plane when the adjacent dihedral angles whichfl 
the second plane forms with the first on opposite sides of itf 
are equal to one another. 

Fig, 25. 




Thus if DAC and FBA be two planes intersecting ij 
and such that the adjacent dihedral angles DBAF ; 
CBAF are equal to one another, the plane FBA i 
to be perpendicular to the plane DAC, anJ each of tl 
equal adjacent dihedral angles is tailed z. rigkt diliedral at 
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DEFINITION. 

89. — If two planes cut each other, the dihedral angles 
between the opposite parts of the y^. z6. 

planes are called opposite dihedral 
angles with the same edge. 

Thus the dihedral angles EABF 
and CABD are opposite dihedral 
angles with the same edge. 



PROPOSITION 22. 

If two poiitis be taken in the line of intersection of two planes, 
and through each of these points two straight lines be draum 
perpendicular to the line of intersection, one line in each plane 
respectively, then the angle between one pair of these lines shall 
be eq«ai to that between tlte other fair, and (he planes of time 
angles shall be each of them perpendicular to the line cf inter- 
section of (he two planes. 

Let AD and AF be two planes intersecting in the hne 
AB. 

Through the point A draw AC and 
AE each perpendicular to AB, and situ- 
ated in the planes AD and AF respec- 
tively, and let BD and BF be similarly 
drawn through the point B. 

Then shall the angles CAE and DBF 
be equal to each other, and the planes of 
these angles shall be each perpendicular 
to the straight line AB, 

Because the straight lines CA, AB, and 
BD are situated in one plane, and the interior angles CAB 
and ABD are together equal to hvo right angles, therefore 
AC is parallel to BD. 

Similarly, AE is parallel to BF, 





Fig. 27. 
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therefore the angle CAE is equal to the angle DBF 

(Bk. VII. Prop. 9). 
Again, because AB is perpendicular to each of the inter- 
secting straight lines AC and AE, therefore it is perpendicular 
to the plane CAE. 

And for a similar reason AB is likewise perpendicular to 
the plane DBF. 

DEFINITION. 

90, — If a point be taken in the line of intersection of two 
planes, and two straight lines be drawn through this point, 
one in each plane, and each perpendicular to their line of 
intersection, the angle between these straight lines is called 
xh^ plane angle corresponding to the dihedral angle between the 
planes, 

PROPOSITION 23. 

If two dihedral angles be equal to one another the correspond- 
i??g plane angles shall be also equal to one anot/ier, and if two 
plane angles be equal to one another the corresponding dihedral 
angles shall be also equal to one another. 

Fig. 28. Fig. 29. 

A 





1st. Let CBAD and GFEH be two equal dihedral angles 
and let CBD and GFH be the corresponding plane angles at 
the points B and F respectively, then shall CBD be equal to 
GFH. 



J 



I 



Dilicdral Angles. 273 

Apply CBAD to GFEH, so that the point B coincides 
with the point F, the straight line BA with the straight line 
FE. and the plane AC with the plane EG, and let both 
angles be situated on the same side of the plane EG. 

Because the angles CBAD and GFEH are equal to one 
another, and the plane faces AC and EG are coincident, 
therefore also the plane faces AD and EH will be coin- 
cident (Def 87). 

Because the point B coincides with the point F, the plane 
AD with the plane EH, and the straight line AB with the 
straight line EF, and because the angle ABD is equal to the 
angle EFH, therefore the straight line BD coincides with 
the straight line FH. 

Because BC coincides with FG, and BD n-ith FH, there- 
fore the angle CBD is equal to the angle GFH. 

znd. If the plane angle CBD be equal to the plane angle 
GFH, then the dihedral angle CBAD shall be equal to the 
dihedral angle GFEH, 

Apply the dihedral angle CBAD to the dihedral angle 
GFEH so that the point B may coincide with the point F, 
the straight line BC with the straight line FG, and the plane 
CBD with the plane GFH, and let both angles lie on the 
same side of the plane EG. 

Because B coincides with F, and BC with FG, and the 
angle CBD is equal to the angle GFH, therefore BD coin- 
cides with FH. 

Because the point B coincides with the point F, and the 
plane CBD with the plane GFH, therefore AB, the perpen- 
dicular to the plane CBD, coincides with EF, the perpen- 
dicular to the plane GFH. 

Because AB coincides with EF, and EC with FG, there- 
fore the plane AC coincides with the plane EG. 

Similarly the plane AD coincides -with the plane EH, 

therefore by Definition 87 the dihedral angle CBAD is 
equal to the dihedral angle GFEH. 
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PROPOSITION 24. 

71te ratio of any two dihedral angles is equal to the rath 
the corresponding plarie angles. 

Since equal plane angles correspond to equal dihedral 
angles it may be proved, exactly as in Props, i and t of Bk. 
VI., that if two commensurable plane angles and the cc 
responding dihedral angles be given, and if one dihedi 
angle and its corresponding plane angle be divided into the 
same number of aliquot parts, then the second dihedral anglft 
and second plane angle will be equimultiples of each of the 
aliquot parts of the first dihedral angle and first plane angle 
respectively, whence the proposition is proved to be true iot 
commensurable, plane, and dihedral angles. 

The Proposition may then be extended to incommensu& 
able angles by reasoning similar to that employed in the 
propositions above mentioned. 

PROPOSITION 25, 

Through any straight line in a given plane it is a 
possible to describe one plane, and only one plane, perprntHcuk 
to the given plane, a/id the sum of the adjacent dihedral a. 
made by any plane with anotlter plane on which it stand 
together equal to two right dihedral angles. 

rsL Let ABC be the given YKg. 30. 

plane, and DE any straight line ^ g 

in it, then it shall be always 
possible to describe a plane con- 
taining the straight line DE and 
perpendicular to the plane ABC. 

Through the point D and in the 
plane ABC draw the straight line FDG at right angles to D! 

Through the point D, and in the jiiane passing through E 
perpendicular to DE, draw the straight line DH per 
dicular to FG, then HDF and HDG are the plane angl 
corresponding to iVie dihedral angles FDHE and GDHE. 
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Because HD is perpendicular to FG, therefore the angle 
FDH is equal to the angle GDH ; 

therefore also the dihedral angle FDHE is equal to the 

dihedral angle GDHE (Bk. VII. Prop. 23) ; 

therefore the plane containing HD and DEis perpendicular 

to the plane ABC. 

2nd. Let LDbe the line of intersection of anyotherplane 

containing DE with the plane HDG. 

Because ED is perpendicular to the plane HDG, theie- 
fore ED is also perpendicular Co DL ; 

therefore LDF and LDG are the plane angles corresponding 

to the adjacent dihedral angles FDEL and GDEL ; 

therefore ^^^ is equal to jr^j^j^ {Bk. VII. Prop. 24) ; 

, GDL - , . GDEL 

and ^j^j^,s equal to j.^-j^^, 



But FDL+GDL is equal to 2FDH, 

therefore FDEL+GDEL is equal to zFDEH ; 

that is, FDEL and GDEL are together equal to two right 

dihedral angles. 

C&roUary i. — The corresponding plane angle to a right 

dihedral angle is a right angle, and the corresponding 

dihedral angle to a right, angle is a right dihedral angle. 

Corollary 2. — Opposite dihedral angles with the same 
side are equal to one another. 



PROPOSITION 26. 

If two planes be perpendicular to one another entry straight 
lint drawn in one of the planes perpendicular to tluir line of 
intersectioti shall be perpendimiar to the other plane. 

Let the two planes ABC and DEH, intersecting in DE, 
. be perpendicular to one another, and let FG be drawn ia 
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I the plane DH peTpendicular to DE, then FG shall be per 
H pendicular to the plane AC. 

I Fig. 31- 




Through the point G, in the plane AC, draw GL perpen- 
dicular to DR 

Because OF and GL are each perpendicular to DE, there- 
fore the angle FGL is the plane angle corresponding to 
the dihedral angle FGEL (Def. 90), 
Because the dihedral angle FGEL is a right dihedral angles 
therefore also the angle FGL is a right angle (Bk. VII. 
Prop. 25, Cor. i); 
therefore FG is perpendicular to each of the intersecting 

straight lines DE and GL, lying in the plane i 
therefore FG is perpendicular to the plane AC (Bk. VII. 
Prop. 15). 

PROPOSITION 27. 
If a straight line be perpendicular tea gwm plane, fheneva 
plane which anUains this straight line, or is parallel to il,'si 
be also perpendicular to the given plane. 

Let the straight line AB be perpendicular to the plam 
DCE, and 

ist Let ABC he a plane containing AB, then ABC s 
be perpendicular to DCE. 

Let the planes ABC and DCE intersect in die straigh 
Ane EEC. 
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Through the point B, and in the plane DCE, draw the 
straight line BF perpendicular to BC, then BF is also per- 
pendiculai to AB (Def. S.'). 




Because ABC and FBC are each of them right angles, 
therefore ABF is tlie plane angle corresponding to the 
dihedral angle ABCF. 

Because the plane angle ABF is a right angle, 
therefore also the dihedral angle ABCF is a right dihedral 
angle, or the plane ABC is perpendicular to the plane DCE. 

and. Let GK be a plane parallel to AB. 

Draw any straight line GH in the plane GK parallel to 
AB. 

Because AB is perpendicular to the plane DCE, and GH 
is parallel to AB, therefore GH is perpendicular to the plane 
DCE (Bk. VII. Prop. 14, Car. 2) ; 
I therefore the plane GK, containing GH, is perpendicular to 
I the plane DCE by the first case. 

f PROPOSITION 28. 

J^ one plane be perpendicular to another plane, t/ieie every 
\ straight line perpendicular to the former plane shall be either 
parallel to the latter plane or he situated in that plane. 

Let the plane BAD be perpendicular to the plane B.\C, 
\ and let EF be a straight line perpendicular to BAD, then. 
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EF shall be either parallel to the plane BAC or be situated 
in that plane. 

Fig. 33. 




£ 



If EF be situated in the plane BAC the proposition is 
proved, but if not, either the straight line EF and the plane 
BAC must intersect when produced, or else EF must be 
parallel to the plane BAC. 

But EF and the plane BAC cannot intersect, for if they 
did, then the straight line drawn frdm their point of inter- 
section and in the plane BAC perpendicular to AB would 
be perpendicular to the plane BD, and therefore there 
would be two intersecting straight lines, each perpendicular 
to the same plane, which is impossible (BL VII. Prop. 16, 
Cor, 2), 
therefore the straight line EF is parallel to the plane BAC. 

Corollary. — If two planes be, each of them, perpendicular 
to a third plane, their line of intersection will be also 
perpendicular to this third plane. 



PROPOSITION 29. 

Through any straight line oblique to a given plane, one plane, 
and one plane Of ily, can be described perpendicular to the given 
plane. 

Let AB be the given straight line oblique to the given 
plane CDE, then one plane, and only one plane, can be de- 
scribed containing the straight line AB and perpendicular to 
the plane CDE. 
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Take any point A in AB, and draw AF perpendicular 
to the plane CDE. 

Because AF is perpendicular to the plane CDE, there- 
fore every plane passing 

through AF is also per- ^' ^^' ^ 

perdicular 10 CDE. 

But a plane can be de- 
scribed containing AB 
andAF (Bk. VII. Prop. 
T, Cor.\ 

therefore a plane can ^ ^ 

be described containing AB, and perpendicular to the plane 
CDE. 

Also no more than one such plane can be described. 

Beoause AF is perpendicular to the plane CDE, therefore 
every plane perpendicular to CDE either contains AF or is 
parallel to -\.F. 

If it coniains AF and also AB, it is coincident with the 
plane already found (Bk. VII. Prop. 1, Cor). 

If it be parallel to AF it cannot contain AB which inter- 
sects AF, 
therefore only one plane can be described containing the 

straight line AB and perjiendicular to the plane CDE, 



1. Through a point O two straight lines OA and OB are 
drawn, each parallel to a given plane, and through the 
same point O two planes are drawn perpendicular to OA 
and OB respectively. Prove tliat the line of intersection of 
these two planes will be perpendicular to the given plane. 

2, If a point be projected upon ectch of two intersecting 
planes, pro\'e that the straight lines drawn from tlie two pro- 
jections on the planes perpendicular to the line of intersec- 
tion of these planes will meet this line of intersection in the 
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3. If the projections of any line upon two intersecting 
planes be each of ihem straight lines, prove that the line so 
projected must be also a straight line. 

4. Find the locus of the points in space equidistant from 
two given intersecting straight lines. 

5. If a number of planes be drawn so that the lines of 
intersection of all of them, taken two and two, are parallel to 
the same stiaight line, prove that the perpendiculars dropped 
upon these planes from any point whatever all lie in 
and the same plane. 



Secteos IV.^On Polyhedral Angles, 
definition. 

-When several straight lines meet in a point they 
form a polyhedral angle, the point in which the lines 
meet is called the summit, the several 
straight lines are called the ei^es, and 
the plane angles of inclination of f 
cessive straight lines are called the/i 

Thus the straight lines AB, AC, AD, 

AE and AF (Fig. 37) are said to form 

the polyhedral angle AECDEF ; the 

., are called the edges ; and the angles 

are called the faces of the polyhedral 

angle. 

The polyhedral angle at A is said to 
be contained by the edges AB, AC, AD, 
AE, and AF. 

When there are only three edges, as 
AB, AC, and AD {Fig. 3S), the angi 
aX A is called a trihedral angle. 



Fig. 35- 
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PROPOSITION 30. 

In every polyhedral triangle any one facets less than the sum 
of all tlie rest. 

First let ABCD be any trihedral angle at A contained by 
the edges AB, AC, and AD, and let the face BAD be greater 



Fig- 37- 



Fig. 38. 




than either of the other two faces BAC and CAD, 

Since BAD is greater than BAC let BAE in the plane 
BAD be made equal to BAC, in AE take any point 0, and 
from AC cut off AF equal to AG. 

Through G in the plane BAD draw the strdght line 
HGK meeting AB and AD in H and K, and join FH 
andFK. 

Because HA, AG, and the included angle HAG are re- 
spectively equal to HA, AF, and the included angle HAF, 
therefore the two triangles HAG and HAF are equal to 
one another in all their parts, and therefore HG is equal 
to HP. 

Because the two sides HF and FK of the triangle HFK 
are together greater than HK, and that HF is equal to HG, 
therefore FK is greater than GK. 

Because in the two triangles FAK and GAK the two 
sides FA and AK are respectively equal to the two sides 
GA and AK, but the base FK is greater than the base GK, 
therefore the angle FAK is greater than the angle GAK. 
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But the angle HAF is equal to the angle HAG, 
therefore the two angles HAF and FAK are together 
greater than the two angles HAG and GAK, 
that is, the angles BAG and CAD are together greater tlian 

the angle BAD. 
Next, let the polyhedral angle ABCDEF be contained 
by the five edges AB, AC, AD, AE, and AF. 

By what has been already proved, the angles BAG and 
CAD are together greater than the angle BAD. 

Similarly, the angles BAD and DAE are together greater 
than the angle BAE, 

therefore the angles BAG 4- GAD 4- DAE are together greater 

than the angle BAE, 
and similarly, the angles BAG + CAD + DAE+EAF are 

together greater than the angle BAF. 
And the same is true whatever be the number of edges of 
the given polyhedral angle. 

DEFINITION. 

92. — ^A polyhedral angle is said to be convex '^\i<tn the Por- 
tion of space bounded by the planes of the faces is situated 
wholly on the same side of any one of these planes when pro- 





duced indefinitely ; in other cases it is said to be concave. See 
Yigs. 39 and 40. 
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PROPOSITION 




In ajry (onvex polyhedral angle tlie sum of 1 he faces is 
t^et/ter less than four right migles. 

Let A be any convex polyhedral angle contamed by the 
five edges AB, AC, AD, AE, and AF, then shall the sun: of 
the faces BAG, CAD, DAE, EAF, 
and FAB be togetlier less than four Fig- 4i- 

right angles. 

Lei any plane BCDEF be de- 
scribed so as to cut each of the 
edges in the points B, C, D, E, 
and F, and join BC, CD, DE, EF, 
and FB. 

Because liie trihedral angle at 
B is contained by the edges BA, BF, and EC, therefore 
FBC is less than ABF+ABC. 

Similarly, BCD is less than ACB+ACD, 

and so on for every other angle of the polygon BCDEF ; 

therefore die sum of all the angles of the polygon BCDEF 

is less than the sum of all the angles at the bases of the 

triangles ABC, ACD, and so on. 

But the sum of all the angles of the polygon, together 
with four right angles, is equal to twice as many right angles 
as there are sides of the polygon. 

Also, the sum of all the angles at the bases of the tri- 
angles, together with the sum of all the angles at the vertices 
of the triangles, is also equal to twice as many right angles 
as the figure has sides, 

therefore the sum of all the angles at the vertices is less 

than four right angles; 

that is, tl^e sum of the faces of the polyhedral angle at A is 

less dian four right angles. 

And the same is true whatever be the number of edges of 
the given polyhedral angles. 
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1. In every trihedral angle the planes bisecting the three 
trihedral angles all pass through the same straight line. 

2. In every trihedral angle the planes which bisect the 
plane angles, and are perpendicular to the corresponding, 
plane faces, all pass through the same straight line. 

3. In every trihedral angle the planes drawn through the 
edges perpendicular to the opposite faces all pass througlj 
the same straight line. 

Miscellaneous Examples. 

1. If a straight line be equally inclined to the two faces 
of any dihedral angle, prove that the points in which it 
meets the faces containing this angle will be equally distant 
from the time of insertion of these faces. 

2. Find the locus of points equidistant from two inter- 
secting planes. 

3. Prove that if through the same point of the edge of any 
dihedral angle a straight line be drawn in each plane face 
making any given angle with that edge, then the plane 
angle between the two straight lines thus diawn will not 
vary proportionally to the dihedral angle, unless the said 
given angle be a right angle. 

4. If a plane be drawn through either diagonal of i 
parallelogram, prove that the perpendiculars drawn to this 
plane from the opposite extremities of the other diagonal 
will be equal to one another. 

5. Let the straight line AB be divided at C so that the ratio 

" p may be equal to ^ where m and n represent any whole 

numbers, and from A, B, and C draw AD, BE, and CI 
perpendicular to any plane whatever. Prove that (>w+«)Cl 
is equal to n . AD+ m BE. 
6. If the sum of tWe peTpeviS\c\iia.TS dropped from 
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point A upon two planes be equal to the sum of the per- 
pendiculars dropped from another poirit B on the same 
planes, and the straight line AB be joined, prove that die 
sum of the perpendiculars dropped from any point whatever 
in AB upon the two planes will Ije equal to the aforesaid 
sum from either A or B. 

7. If there be three points A, B, and C, such that the 
sum of the two perpendiculars dropped from these points 
upon any two planes is the same for eacli point, prove that 
this will also be true of any point whatever in the plane 
passing through A, B, and C. 

8. Find the locus of a point, such that the sum of its 
distance from two given planes may be equal to a given 
straight line. 

g. Find the locus of a point such that the sum of its dis- 
tances from three given planes may be equal to a given 
straight line. 

10, Lines are drawn through any trihedral angle, one in 
each of the three planes containing that angle, and each 
perpendicular to the edge opposite to that face. Prove 
that the three lines thus drawn lie In the same plane. 
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